) 



DOCOHBHT FBSOHl 



BP 190 3B9 

ADTHOB 
TITtB 



INSTITOTIOH 

SPONS AGENCT 
PUB DATE 
HOTE . 



EDBS PBIcn? 
OESCBIPTOS^ 



IDENTIFIEBS 



*SE 031 



Bolduc, ElToy: AndVothers * > 

Mathematics Through Science , Part II: Gi^aphinqr 
Equations and linear functions, T€a.chexs' Comnentary. 
Prelininary Edition. 

Stanford Oniv., Calif. School Mathematics Study v 
Group. 

National Science Foundation, Washington, C. 
63 * 

95p. t For related document, see ED lUS 539. contains 
light and broken type. Best, copy available. 

HF01/PC01 Plus Postage. \ 

♦Algebra: Eiperinents: Graphs: Interdisciplinary - 

Approach: *Junlor High Schools: Laboratories^ 

* Hat he mat leal Applications; Matheaatics Curriculum: « 

Ta tlieiTltl e»~Ynstrxrctttnir""*^^ 



Experiments: Secondary Education; ,*Secondary School 
nathematics: Teaching Methods;" Unified Stud/ies 
Curriculum 

♦Functions (MathematicsV : ♦School Mathematics Study 
Group - '■' ,;■ , ' 



ABSTBACT \ . 

• These units were .produced' by a team exploring the 

possibility of developing some of the basic concepts of mathematics ' 
through simple, but significant physical science experiments. The 
purpose of the entire pro lect Is to 'a^e if learning and understanding 
of mathematlcslcan be improved by the use of these science- related 
units in mathematics classes^ grades 7-9. Previous Knowledge' of 
science on the part pf the students or teachers ia not necessary. The 
units supplement but do not replace, whatever mathematics textbooks 
are in use- The material can 'be inserted in a mathematics course for 
a two- or three-week period over the school year. The use and need 
for graphing sets of ordered pairs of numbers are concepts in 
pathematics which can be drawn from the science experiments. Other 
useful mathematical concepts derived from the science data are those 
of: <1) drawing a line of best fit frpm a series of graphed ordeted 
pairs: (21 the slope concept and its physical and mathematical 
•eAning; (3> devjeloping the' equation of the gy.aph: (M) interpolation 
and iaxtrapolation from the graph and from the equatipn: and (5) a 
mathematical generalizatlQih and its *nse in problea solving. 
CAuthdr/HKI". ■ •. ^ ... 
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The units deacrlbed .tn,thl5 foachev^H Commentary are the result 
■ oi* a oummer^a -work by a writing team of rirteen competent matlie-- . 
' matlclanB and scientists who spent the aummer o(* 1965 working on 
! this project' under t}>e direction or the School Mathematics Study 
Group. This team explored the possibility of developing uome of 
the^ basic concepts of mathemtitlcs ^rougfi simple, but slgnlfdcant/ 
. physical science experiments ♦ The purpose of the entlx^e project, , 
both the writing of the teaching material and ita experimental use 
in a limited number of centers over the country, is to see if ^ 
learning and understanding of mathematics can be improved by the 

'"^ — use '*oT'*TTY6ffe^"tmlt)ff "^^ 

It is emphasize&that the units are to be used in the mathe- . 
M irnatics classroom and that they are primarily designed ^>o teach 
^ mathematical concepts rather than thpse of science. ItJ is true fc 
Vthat 'the procedures and principles of science Included 'are sound - 
and correct within the framefwwk in which they are used* The 
^experience in st>ience which th^ stujdent will gain from Ij^e.. study 
of these units will no doubt be useful in subsequent courses in 
the physical sci^ences, but the main purposed of the units are to 
teach mathematics. 

: The eotriposition of the writing team and the procedures used 
In developing the units are significant. The team was composed 
... of seVen mathematicians (three college tedfchers and four , high 

school teachers), five physicists (two college teachers, two high 
school teachers and one Industrial physicifit), two chemists. (both, 
high school teachers) and a coordinator of the team, from a state 
department of education • Softie of the high school te&chers have 
taught In more lihan one field,' but they are listed here In their-^ 
main field of 'interest and training • ^ * 

The Individual units or blocks of unlta|( were produced by 
. smaller groups workln|5 cooperatively to pe^orm the experiments 

and write theA. In all^ cases these small ^writing teams -consisted 
• of representatives from both science and mathematics and of both 
college teachers atnd high: school teachers. Ih this way It was 
possible to take advantage of their knowledge and experience at 
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both Icvelij, A collero mathf>inat,lc.l an aoi'vcii au ediUor of the whole 
3er!eu or unit!?, but preliminary iJral'tr, were read and ri'U-lcl/-ed ^ 
by metnbera oT the entire wrU.in}/. team. 

l i-evltiua l<iiowledi/;e ol' uclence on tlie part ol' the alaidenta \>v 
teachers lo not neceusary, t hour-h nonie knowled^.e in thl» iMfvld 
will be liaerul.. The experimental procedure la clearly dor.erlbed; 
llota or needed equipment and a kit oV apparatus will be supp.lled. 
The> experlmento will involve basic meaaurementH of length, nvxaa, 
time and temperature. ThouRli most of the experiments will be 
deacrlbed in terma of the metrl c . system or mt?aj',urement , British 
units are not ii/.nored . It Is assumed that these experiments can v. 
be ddne in the mathematics classroom. Some will, be done by all 
or the. students workln(5 In small proups, and^ some will have ta be 
demonstrations done b^^ the teacher. 

The use or the^lata collected is the Important aspect of each 

on. if single number lino or on a set of rectangular coordinates. 
Hence, tiie use and need for graphing, sets of single numbers and 
sets of orderexi pairs of numbers will be concepts Iri mathematics 
which can be drawn rrom the science experiments. Other usel'ulv 
mathematical concepts dw-iyed from the science data are ^thOBe of: ^ 
.drawing a line of best n)t from a series of graphed of-dered pairs; 
the slope concept and its physical and mathematical meaning; de- 
veloping the equation of the graph; interpolation and extrapolation 
from the graph' and from the equation; and finally, a mathematical 
generalization and its use in problem solving. - . . * 

• \ r - . . 

Use in the School s\ • , • ^ 

^ When any part pC this material is used in selected schools ..■ 
o^}ev the country .during 1965-64, it will be Inserted ih a mathe- 
matics course for two- or /hree-week periods over the school year. 
The teachers in the systeffi will decide on times suitable for this. 
Prior or current use of SMSQ mathematics- textbooks Is not essen- 
tial. The units sui^plement, .but do not replace, whatever mathe- 
matics textbooks are In use. It seems pr^able that some^portlons 
of the regular textbooks may be omitted, provided teadhers are 
satisfied that the treatment of topics developed directly from 
experiments clearly suffices. \ 
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Part II 

Chapter 1 
^ "RELATIONS, ^FTJnCTIONS AND GRAPHIl^G 

^ Students are Iro work in groups of two.' Eacli group should have 
th.e following ■ equipment . * 

1. Cantilever Experiment • ^^^^^^^ 

Science Supply 

*none 

Local Supply 

5 books. Identical (with du at Jackets, if possible) 



5 wooden boards (1" x 8" K 10") 
1 foot ruler, with metric scale 

2, Irregular Bottle, Experiment 

4 

Science 'Supply 

none ^\ 

Looa^ Supply 

1 Irregular-shaped bottle (12 fluid o^.) 

1 plastic pill bottle (approximately 20 cm ) 

1 "Magic Mending" tape, Scotch brand {f\ x 129C>") 

1 foot ruler, with metric scail^e ^ 

2 410 can. (water container) 
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Chaptei' 

V - RELATIONS, FUNCTIONS, AND QRAPHINQ 



In this chapter, three mathematical ooncepta are developed: 
(1) tJhe definition of a relation , (2) the definition of a 
.function , and (3) graphing order pairs by a coordinate system 
In a plane. In addition to these three concepts. It Is hoped" 
that'the student will gain a strong feeling for the meaning of 
the domain and range of relations and functions. We also want 
to Induce an Intuitive feel, 017 the part of the student, for a 
function which is continuous as opposed to one i^lch 1^ not. On 
the basis of this Intuition he should be able to see the 
reasoning behind graphing some functions as a "best" *llne which 
Is drawn without removing the penc-11 from the paper as 
distinguished from a function whose graph Is a discrete set of 
points* ' ' * 

This maj^rlal Is developed with the aid of two rather simple 
experimep^lT: (1) the cantilever of books, and (2) the 
gradi^Jttlng of an"^ Irregular bottle^ The first experiment deals 
with a function whose range and domain are discrete* The second 
experiment should convey a strong feeling that tTie function 
resulting from this experiment Is continuous* Both exjperlments 
should point out to the student a. need to consider very 
carefully all limitations placed upon the domain and i^ange of 

» 

a function or a relation. , ^ 

A good ref*erence for relations, functions, doma^i, range 
and mappings .may be found in Principles of Mathematics , 
Allendoerfer and Oakley, McQraw-^Hlll, 1963, Chapter 6*, ^ 

The method J)y which ordered pal.r8 are jgraphed as arrows 
connecting elements of t^he- domain to the corresponding elements 
of the range may at first appear to be a mapping but this is 
not necessarily* true. A mapping of a set A into a set B is 
define.d as a correspondence that associates with|each element a. 
of "A a unique element b of We call b'.the image of a 

under this mapping* In some of the graphs -illustrated in the 
text, more than one arrow had its origin at. a glv^n element, in 



the domain and, hence, this graph waa not a mapping oV h bvI of 
Dixie red pa Ira. 

You will notice that In the dl«cu«f?lon of the 'coordt nate 
system In a plane care' was taken not ti^mentlon the'^x-axlM or \^he 
V- y-^axls. 1^ waa desired to give the student the^ feeirnr, that the 
label attached to the horizontal axis and to the vertical axln 
would be dependent upon the sets which represent the domain and 
the range of the relation bel^g graphed. 

The fact that the horizontal axis Is vised to represent the 
domain io merely a convention and should be recognized as 'such. 
In some <!jases It may ev^en be desirable to Interchange the. a*ls of 
the domain with the axis of the range. For example. If air 
, temperature Is to be plotted as a function of height, a stronger 
feeling for the physical altuatJ-on may be gained by prlottlng ■ 
height along the, vei^tlcal axis -instead of the harizontal axis. 

It would be most desirable to Jkeep the vocabulary as simple 



.as'^pcJsrib^ 

not been used for thl3 reason. Also, the word variable 
introduces a generally obscure feeling for Its definition. 
Bertrand Russell, who probably investigated the -aspect.s of 
variables more thoroughly than anyone before him, said: 
"Variable Is perhaps the most distinctly mathematical of all 
notions. It is certainly also one of the most dlTflcult to 
understand. . . and in the present work [The Principles o f 
Mathematics , 1903] a sat isfactoi^y theory as to its nature, J.n 
spite of •much discussion, will hardly be found. 

1 , h An Experiment ; . Cantilever of Books 

In this experiment, a set of 5 or more books o^ the same 
size should be used (l X 8 boards about. lO" long c4n be 
substituted for the books)./ v 

For a reference .which dlscueses the center of gravity of. 
such a cantilever of books. refer i\> -Matter, Earth , and Sky by 
George Qamow, Prentice-nHall Inc., 1958, pp. l^^-lo. 

- Tlhe purpose of. the experiment Is to* collect a set of ordered 
pairs aod develop an \inderstancitng of the definition of a*., 
relation. The groundwork should be laid for the later • 



development of the definition of ^ function. In thla experiment 
the student should be led to realize that both the domain and 
the range of this "relation" are djsci^ete. The objects to be 
balanced must all be of the same size and, hence, ualnp; "half" 
books or "half" boards may affect the description of the objects 
In the domali^of this relation but the numbers assigned to the 
domain will still be a subset of the counting number^^^ 

This experiment could probably be treated as a teacher ^ 
demonstration. However, a atrong plea Is made for having each 
student actA*ally perXorm the experiment, collect a set of data 
and graph the. ordered pairs, first by the method developed In 
Section 4,5i and later^y the method discussed In Section H.IO^ 



1 ' ;f Mqre Qj'aphlng . , 

This section starts with the graduation of an Irregular 
container. The equipment shouid be "kept as simple sis possFBle. 
* What Is. needed Is any Irregularly shaped glass bottle, a 
. 22 cc. plastic pill bottle (this can be obtained from your local 
drug store), and Scotch * ifaglc mending tape or masking tape. The 
Irregular bottle was chosen In order to provide th^ student with 
a set of data which would not suggest'^a linear function* The 
student should be encoi^aged to develop a strong Intuitive sense 
for having collected only a cWLscrete sampling of the set of 
ordered pairs represented here. The act of d^playlng all 
ordered pairs of this function as a "mapping" from one .number 
line to another n.ui"*^^^ llne^ gets us nowhere at this point . It 
Is necessary, then, to develop a new method ,for dlsplaylr^ the 
ordered pairs of a function, or relation, the Tectaugular . 
coordinate system Is Introduced, All four quadrants ^re 
dlsovissed. If your class has had very little or no experience 
with -negative nuinbers you may wish to pause here and Introduce 
some elementary concepts of the set of negative numbers or you 
/ may wish to omit Section aMo^ether. Either apjiroach' mky 
be used without having Serious difficulties arise In the 
remaining Sfeptlon ^.•lO g>r the chapter, 

. ■ ^ ' / 



Chapter 1 
SOLUTIONS TO EXERCISES 



oolut 1 ons to Kxei^c 1 ne J_ 

panuax^y, 61 dayu) ^ (July, 31 daya) 

(February, 29 days)* (August, 31 days) 

(March, 31 day»j (Septembex*, 30 days) 

(April, 30. daylj (October, 31 days) 

(May, 31 days) (^lovemher, 30 . days) 

(June, 30 days) / . (December, 31 days) 

(a) There are 12 ordered pairs In the set. 

(b) There are 12 elements In the domain of tlie relation 

< 

January, B'ebiniary, March, etc. 

(c) Set of elements in the range: (29,30,31^ 
(dy"~^ere~"are — 3" "^elemerfTs^Tn ^t^^^^ 

Yes, l-C would liave been answere'^d differently, since the 
.set of elements in the rauge would be {28, 30,31) ♦ 
February has 28 days except during^ a leap year. 

There are'ma^iy relations that can be obtained from the 
information given in problem 3» These answers are ^2 of 
the many. , . " , \ 

((Y,B), {7,C), (10, C), (22, A), (1,D)] 
.{(7,B), (10, B), (7;A)., (10,A)> (7,C), (10,C), (7-,D) ) 

> 

The SMSG text Mathematics for Junior Hig;h School Volume 2 
Part II was used to^ Illustrate a possible solution to 
this exercise. „ . " . 

(a) . (additive inverse, 237) > (multiplicative inverse,, 237) 

(•repeating decimal, 2^7) , (terminating decimal, 247) 

(b) (exponent , 121) , (exponent, 126) , ..(exponent , 129) , 
' (exponent ,1^9) . . 



'Sol utions to T'lxerolae ? 
15 •' 

(a) doinaJn: { I 



13 
12 

11 
10 

9 
8 

7 

6 

- 3 

- 2 
1 
0 



(b) rani?c: " ( I , .10, 1'^) 

(c) 21* coo Id bo a (jood^ ciut'sn 
:!lnoe tho g^aph ".hows l.hat. /i 

'♦the dl fTcrence »or the 
e.lomei\t:i In the ranj^e for 
.succeed iaf; o.'d^r- pairi! 
lncr'ear,x??^ ^by one a« the 
element In the domali\ 
Increaaea by a value of one ♦ 




(c) 



10 (a) 

9 

7 
6 

■ 5 . . 

■ \ 

• 3 ; 

■ 2 

■ 1 
- 0 



domain;* ^1,2, 3,'*, 5) 

mnge j S}^.?jhl*l^l 

No. ,The element 6 in not 
contained in either the aet 
of elements of the domain^ or 
-the set or elements of the, . 
range. 



(a) 
(b) 
(c)' :^ 
(d) 
(e) 



domain: (1,2,3,^,5,6) 
^ range: (2,3) 



^If the element of the domain 
is an even number, then the 
elemer^t of the range 
aasi^e<3 to it is the 
nvmtter 2. If the element 
of the domain is an odd 
nu/nber , then the element of 
tYv^ range aasignpd \io it is 
the number ^ 3^, 




(a) dotiiaiti: (•I,;',.'!) 

(b) ranr^e: ♦ I I 6) 
(o)- ' 0 or Y X 



o. 



, The ordered paira Tire:_ . 

• (30,83),. {'10,90), (50,103), (60,120), (70, l'!0) 

. domain;' ( 30, '10, 50,60,70 }■ 
.range:' (83, 90, 105, 120, 1'tO) 



.The cfrdered pAlrs are; 



^9,2), (12,|)-; (15,1), (18, |), (21,^), (2^^) 

•domain: {9, 12, 15, lB,21, 2'l ) ' 

3 3 ^ Y 
range: (2,7^, l,.7j-,^,^} 

7. The or^i^f%^ palra are: 

.* ' (1,2.2), *(1.1,2,2), (1.2,2. n), (1.3,2.3), (1.4,2.5.) 
(1.5.2.3), (1.6,2.7), Cl,7,2.6) 

■ domain: . {1,1.1,1.2,1.3,1.4,1.5,1.6,1.7) 
//range: ■ '{2. 2,2. 3,2. 'l.,2. 5, 2. 6, 2. 7) 

8. The ordered pairs ar^ 



(.50,1960), (.50,1961),. (..51,1962), (.52,1963), (.53,1964) 
) (.5^,1965) " ' .• 



9. 



domain: { .5Q, .51> .52, . 53, . 5^^). 

range : {i960, 196^ , 1962, 1.963, 1964, 1965) 

The ordered pairs are: 

(3,1), (3,1.6), (4,1.2), (4,1.8) 

domain: {3, 4.) 
range: {X, l.L 1.6, 1.8) 
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The orUereU v^o^^'"" 

(2, .J); (v,;)), (6,Y), (a,Y), '(io,Ji), 

range: ('i,V,ll) "\ 

Solutions to Kyerd ne ^ 

Set of all Candida ter> Jo -tho domain* • 

3ot of all votes Gat;t 1^3 the i-ange. J, 



Got 


or 


all 


trlaiif^les .U; 'the domain. 




1 


Set, 


of 


all 


at-eas 1.8 the range. 






.Set 


of 


all 


people ia the domain* 


\ 




Set 


of 


all 


first names la the range 






Set 


of 


all 


count J n;^ numbers Is the 


domain* * 




Set 


of. 


all 


countinpi; numbera except 

r 


I .Is the 


I'^ange . 


Set 


of 


all 


count lnf5 numbers la the 


domain. 




Set 


of 

• 


all 


squareo of 'the counting 


numbers is 


the r*ange* 


Set 


of 


all 


positive Integers Is the 


domain • 




range : 


(1 








Set 


of 


all 


positive- numbers la the 


donrjain. 




Set 


of 


all 


positive numbera is the 


range . 





.A function is described because one and only one element 
of the range is assigned to each element of the domain. 

The set of all positive numbers less than^^or equal to 20 
is the domain. 

The set of all positive multiples of 5 Is the range / 
(3.7.60); (5,75), (19.2,300) .... 
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Solutions to Kxerclse 



I. 



( 



(b) 



(a) 



(c) The two sety have one point in common. 

(d) (5,5) 
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.... . , '1 . . ■ . " . 
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r' . 



(b) 



(3,8)> 



(a) 



3. 

















n 


n 














i 


" 1 














> 
















• 

' 






































; 


































































(fi 


i 
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((^) Th<' t.wo 

(volnt. In 
-> 



\ 



(c) TKe two 
sets . V 
have one . 
point 

In 

common, , 

(d) ■ \ 



13 



it 



J 



\ 
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6. 



je domain In hxoi»cloe \y v/hl le <i 
>e 3 iJi TIk^ rr.u*i(',e \ i\ KxerclBC ? 1 :i 
ij»,c InKxercloo i '.\ , 
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(bO Yea » ' 

(c)^ Each point has the horlzontJi^''coordlnafe 0, 
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Solutions to Exercise 6 



1 1 I i I I- ! I I 
(a), (D), [,(c), (d), 




2 3 If 6 7 8 9 10 

Tljae (rain,) 



19 



16 



/ 



(r) \M/f^C at. I tiilnul..-^. M)"c at •> mltmtca, Hl.'/'c 
at 9 tniauten, BP^'l: at U mlnuton 

(gj '.)0'^C at A mLnuten, lOO^^C at \:\ .mtnuto;:, l'>0"c 
at l'.>i minute:,, *Vkfc at lY ml.uut<>;^ 



\(c) 



(a) yet of tline;> U\ :u?coiKki 

(b) r3et of height in l\ict 
^♦n feet 

\(d) 2 aecoiidi5 ^ - ^ 

(e) ^\ ao(^onda 

(r) No, since thf bail 'fel^l to earth' at 6 uecondo. 
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EQUIPMENT LIST 
Part II 
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. , ^ Chapter 2 * . ' 
, - - - ---- OPEN SENTBNGES AND-LIWEAR EQUATIONS:.- .......i ^ 

Students are to worjj: in grqupa 6f four. Each group should haye 
the following equipment. • 
' 1 • See-Saw Experiment 

Science Svpply ' ' / 

^-^....,^-jneJifer^sUc^^ ^ * 



■I. 



1 hook weight (10 gram) 

2 hook weights (SO gram) 
1 Tiook weight (50 gram) 

1 . hook weight (100 gram) 

2 hook weights (200 gram) 
1 triangle file (5. in.) . ; 

Local Sup^y . . V 

; '.'l ball of string . , 

1 rock 

2 "Dixie" cups (6 <jz.) .: ' 

1 paper clip, spring- type "Everhandy" hunt clip ,1 
1 



7 



^^ paoicage model clay 
•2 §' wooden dowels (12" lohgth) 




' i <4pweie, : lnch,es long ; 
i - lump of raodpllxig clay . x 
i /4.^^^el> of standard ^^w^^ (IQ, 20, IgO, 50, 200, 200 .^rams) 



^ Chapter 2 

. \ .. . .. .. : .-EQUATIONS AND/OPEH SENTENCES \ 

\ • Purpose: (a) Lead atudents tj/ greater, understanding of equatlops 

and open sentences ln"penei>al. 

^ ^ „„ (b) hhfi ^ffiportance of matheijiatlcs In solving pvob- 

lems in science. ^ ^ . 

The proUleras^ are oreated at the following times j/ 

. ; (a) 'At the Introduction to the unit when the. student . 
' ' . makes predictions where .to sit on a see-saw to make ■ 

it baliQJice . ' *^ ^ , •. 

(^) In the iaat^part of the unit when, we want to find 
. ' : Z . out the mass' raeasur* of a piece of marble by using . 

the meter -Stick mode^,. of the see-saw, 

- The experiments have been tried by 8th graders. We found 

'-that the students' involvement In the actu&l experimentation is - 
: ; .ve-ry important.. *We 'suggest, therefore,, that a teacher demons tra- 
tlon shduld be\he second choice, "only. We want the children, to 
^V-r : develop aclefitific intuition and a- spirit of inquiry. Let chU- 
r - dren explore. ^There are many Vays of lea3|ning. One is by actual . 
• V n^nljiutlation of objects. In the see-saw experiment , for Instance, 
. the students can feel ^hysioally the balance o^:' Ixabalance of tbe 

,■ 8t:^cK'..i^;,_ •' . ■ ' ■ . : 

. ' 'The presentation of lihe experiment is fully developed in the 
/ . V Btudenf s text. Maklhg the meter stick model of a se^-saw would 
h- ■ be a homework project before olasB work. The necessary material , 
J0 . pan b? found arpi^ the house and In. ^ hardware .store. 

.-f .3f -'*-meter stick j -- ' ".. ' -..nl 

. i ' " l - 4" X 4" X 6" . block of wdod \-./^% 



In makltig \ip a meter atlck model of a aeo-Gaw, the teachei^ 
shoul<5 feel free to use his Ingenuity and to make whatever changes 
are helpiXil,^ accordirig to the .composition of the class a^id the ma- 
terials i^vailable at ihe tlme^ For instance, the met^ stick can* 
be suppox'ted on a knife edge by means of a knife edg4 clamp, com-- 
meorlcadly made for this purpose. (See, illusti^atlpn^ )\ , . 





The teacher should use this commercially made knife edge with 

♦ 

care since It Is very sensitive, especially for weights j^reater 
than 150 grams ♦ The sensitivity problem can be eliminated by 
sticking a piece of modelling clay at the bottom part of the clamp 
screw* (See Illustration ♦ ) 





modeliiig clay 



vj[f the— teacher cannot obtain the standard weights, he can use 
pennies Instead. The pennies, can be suspended from the stick by 
small plastic bags.^ The pennies o^m be used not only In the see-, 
saw experiments but also to find the measure of the mass of an ob-. 
Ject. Instead of grams, the mass measure would be expressed in 
terms of . the pennies. For Instance, the mass measure of the ob- 
ject .could equivalent to the mass- measurp of 25" pennies. 

Before startxng tile actual experiment, the students should 
have some preliminary play on balancing; Just tg get the feel of . ; 
it* It is very Important that ttie stick settle exactly In a 



f 



horizontal position before thp dlatance IS re^d off. The use pf. 
two dowels can help appreciably In this respect. The 6 ounce., 
paper cup , at each end of the ^rtlck Is used to eliminate extreme 
tipping of the stick. (See Illustration.) 




The distance should be es-tlmated to the nearest centime otherW 



" wise we wil 1 "no t ge t""t he "de si re re s iil t s"; ' 

Finding a generaJL rule from the observations can be an exclt- 
Ing experlen<^ for the students. The teacher should use His Imag- 
ination to lead the 3tuclent(? to the discovery of the general rule: 
' rac. = 1200. Many studerijfcs will ^easily recognize that there are two 
variables Involved, the^ mass of the object and ,the corresponding 
distance "from the fulcrum, and that Increasing either one Increases 
the balancing force.' If the'^unit Is being used on the 9th grade, 
level, the teacher can develop an elementary understanding of the 
principle of moments. A moment is. the product of & force and its ^ 
distance from the fulcrum. In this experiraeilt, whenever halance 
exists, two . e^ual moments also exist . Each "of these is a product 
of a mass and Q, distance. For example, tfhen 120 grams at 1.0 
ceatlraeters la balanced by ^0 grams aV - 2.0 • 'fcentlraeters, the. two .. 
moments are 120 K 10 and 60 x 20. ' , - - .. 

On a more sophisticated level the teacfher can even dlsQuea 
that, when a condition of equilibrium exists: - 

(a) The stim of the vertical components of the^orces actina; : ^ 

on the stick is egiual to .0. 2F^ « 6-, 
(h) The B\m of the horizontal compnents of the .forc<^s acting 
. . on the stick is equal to 9. tF^ « 0. 
i---\{Q)- The aum of the moments is equal to 0. SM = 0. 

' Actua^lly> on the see -f-sawi we compare masses, not weights. 
iS?^[lfr;i^ \Cons4^ mass- is dirfitjult, even 



■V/ 



always used ^ In the correct sense The teacher should be care- 
ful not to use mass and weight synonymously ♦ The distinction need 
not be emphasized in the classi^oom. 

What Is actually the difference between the mass and the ' 
weight of, an object? The mass of an objeot is tj^e same no matter ^ 
"wher^the "object is". The weight of an objeot depends on the l<5ca-. 
tion of -.the object. For example, suppose you weight 120 pounds 
on your bathroom scale. If you went to the moon with your scale 
and weighed yourself there, the scale would i?ead only about 20 . 
pounds^ However, your m^ss would still- be ""the same. 

Consider another illustration. On the earth you might have 
difficulty in lifting a chunk _of steel, whereas on ^he /'moon you 



^i«h-t-^lif-t...l.t.Xalri^^ 

earth you' would have the same difficulty accelerating it with the 

same force. ♦ ' ^ • 

•* ♦ 

^- ' The Weight of a b^dy is a jneasure *of the gravitational force 
acting on it. Newton's Law of Universal Gravitation evaluates . ^ 
this force as follows: ^^^-^^ ^ . -'^^ • 

; mM ■ ^ 

^ F Q 

where m Is the masa of an object, M. is fhe mass of the attract- 
ing body such as the earth, G is a constant and r is the idisr- ' 
tance between the centers > of the two attracting objects. Thus, 
the weight is proportional the mass of the pbject and alst>- to 
the mass of the attracting body. 



Every time we measure the pull of the earth on a body, we are 
measuring its weight. For exsunple, a platform scale and a' bath- 
room scale measure weight, A balance^, however, compares the pull 
of gravity on two different objects and therefore it compares the 
meases of the objects • " 

The treatment of numt)er sentences and number .phrases depends 
on the teacher/ The unit can be used* by itself. However, the 
combined use of a^ mathematics text along with the unit may seem to 
b^^a better sdiutlon. In this section the teacher can utilize the 
see-s^ very effectively as a physical model equalitji;. pr / 
inequality^ , ^ ■ . "^v:# ... 
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The section on rintllng the niaaa meaimre or aii object la rally 
developed In^the «tud<yit»3 text* In expeidmentlfig, the teacher 
should take time to let the student develop a, feeling or approxi- 
mation by comparing the maas pr ah object with a standai^d masa. 
Furthermore, the teacher should point out that the obtained mass 
moasui^e of the object la an approximate value, alnce the distance 
-that we are using to find the mass measure of tiie object also 
an- approximation to the nearest centlmetei*. " 

* The following text can be used as resource material to this 
unit: Physios by the Physic^ Science Study Coimiilttee, D. C. 
Heath and Co., 196b, or Physics foi- Students of Science and Engi - 
neering , by Haliiday and ResnJ^ck, John/Wiley arid Sons, Inc. 
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12 
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20" 




10 


, 26 


10 


50 
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15 
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30 . 


15 


i\ ■ 
30 
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(a), 
(b) 

(c) 

(d) 

(e) 



8x 

or 

X - V- 
18 



X 



Exercise 
2, 



(a) 
(b) 
.(c) 

(0) 



27 
96 
3 
8 



7T or 



Exerclsie 3 



1. 


a, b 




jr. 




2. 


(a) . 


2 X (3 + 1) 








(b) 


2 + X 3) 








(c) 


(6x3) ~ 1 , 








(d) 


(12 ~ 1) X 2 






3, 


(a) 


47 


(f) 


44 




(b) 


75 


(g) 


7 




(c) 


70 


(h) 


26' 






14 


.(1) 


30 




(e) 


.8 . 








(a) 


<3 +,8) - 4 


or 3 + 


(8 






(1 X 6) -K 4 








(c) 


(2 X 3) + (4 X 3). 





ThI* Indicated sums are b, c knd p. The indicated products 



2. 



0 



3, 





a, d and f. 








4(47) + 4(3) 


(c) 


|($^ + 4) 


(b) 


9(34) + 9(6) 


(d) 


18(3.2 + .8) 


(a) 


12(^ + t) 
12(^) .+ 12(^) 


(c) 


9(11 + 9) 






9(20) 
180 




4 + 3 - - ;^ 


(d) 


0(17 + 83) 
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(b) 




,(e) 


1 (0 + 9) 










# 










•1 








•5 : 







4. (a) 



(b) 



1. 



3. 



4. 



7(22) = 7'(20 + 2) 
=^ 140 + 1^ 
= 15^ 

12(33) = 12(30 + 3) 
= 360 + 36 

. . = 396 



(a) 
(b) 
(c) 
(d) 



(a), 
(b) 
(o) 
(d) 



(a) 
(b) 
(c). 
(d.) 

(a) 

(b) 

(c) 
(d) 
(e) 
(f) 
(g) 



(c) 13(36) = 13(30 f 6) 
. ^ ii^O + .90 

= 540 



1 



k + 7 ' 
25x 
lOOx 

X - 3 If X rep- 
sents Sam'B present, 
age 

X + 2 
X - 8 

13 - X 

7x • 



26 
16 

^9 - 
168 



Exercise 6 

(e) a-+ 4 if a represents 
John's present age 

(f) 3y 
36b . 



(g) 



(O 
(f) 

(e) 

(h) ^ 



X 

X + 6 



X 



(e) 8 

(f) 30 
.(g) 12' 

(h) 8 



X + (x + 2) if 
X + 6 



X is an even number 



or 



(X + 6) i 



3x ,- 7. . • . 

2x + 3 . " ^ . . ' 

2(7 + 2) . ' . 

X + t 

5x + 2(10x) or 5x + 2px if x is the number of 

nickels Mike has^ 



8.. t 

9. 2(a + b) 

10. 1000 k 

11. 100 cm 

.A2,......1_QQ0_. 

13. 1000 p 



14..; 500 g 

15. 100(5 + g or 
500 g + 100 wg 



16. 100 k + n cm 



17 . • 10"^ 

18. 4 h 



\ 



t + 8 grams 



1. / C - 32 n 

2. D «= .32 n 



1,' (a) T 
(b) T 




(b) 
(c) 
(d) 
(e) 
if) 



T 
F 
T 
T 
T 
T 



Exercise 
4. 



5. 
6. 
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(a) 
(b) 
(c) 
(d) 



6 
8 
k 
3 



cm 



d < k 
cl > 4 



cm 
cm 



Exercise 10 



■i^-i: 



1. 



(a) 
(b) 
(c) 

(e) 



x» 2 

y > 2 . 

X « 3 . 

*Set of all real 
numbers except 3 
n *» 12 . 

rb .< X2 .; • . : 



2. 



(a) 
(b) 
(c) 
(d) 



8 
4 
6 
2 



29 



Exercise 11 

Domain of n Is the Bet of positive Integers. 
$1.35 n « $236.1^ 

n « lt5 ^ 
The domain of g Is the set of all positive rational numbers. 
$.30 n «= $2.76 

n =ii- 9..2 -. jBallons ;— - — -~ - - 

Domain of p \b the s^t^'t^ positive numbers 

Exercise 13 

(b) I (a) I • 

* Exercise 14 

(a) ^ ■ (f) I ■ 

(c) ^9 ,. ^ / 



(a) 5x = 3Q » (d) 3x « 60 

X » 6 V . ^=2.0 



■ y " 36 . \ . 

(p) |a « 28 

• a « .98 • : ' . 

(fit)' 10 in ' (b) 18 lb (c) 2d cm 

Yes; If the girl is (11^) Ijlmes as f ftr a.0 the bpx from 

the fulcrum find on the opposite side. 



\ 



X 



3. (a) 10 in. 

(b) 18 lb. 

(c) cm. 

1000 

k. YeB, If the girl is 

tlmee ae far ae the box from the 
fulcrum and on the -opposite aide. 

5. 2 feet 



90 -^""1^ 



6. 200 lb0« 



J' 



0 



/.. . 



■ml- 
my.- 
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Chaptei? 3. ^ 
A OAS law/and linear FUNCTIONS 

Charles* Law— Teacher Demonstration 

Soienoe Supply 

1 Charles* Law apparatus 

1 thermometer. Centigrade (-20° to 110°) 

Looal Supply 

.1 eleotrloal hot plate 
^ trays of Ice cubes 

salt ' . ,0 
1 .#10 tin can 




■ y 



-. 1- 



• -"Mi 

■m 



Chapter 5 ^ , « 

A GAS LAW AND LINEAR FUNCTIONS ' . 

This unit is a survey of some of the elementary oonoepte in-, 
eluded in the broad subject ol' linear Tunctlona. It m^ea no at- 
tempt to introduce all phasea or the subject, but, rathW, treats 
"a J > i f H »Bict; "which arioe 'rrom an analya:!^ of the .d^itn derived rrom 
a demonstration experiment on Charles' iXr. Ttie entire unit Is . 
baaed on this single experiment, which la referred to throu£5hout.. 
In this way an attempt has been made to Interweave the physical 
phenomenon with, the related mathematical principles. ^ 

The unit la designed to be used in a ninth grade algebra 
claosj although it Is considered to be appropriate also for an 
eighttfi grade class which has received the prerequisite instruction. 
This pre supppsed knowledge consists of the following concepts and 
skills: the properties of "the number system, algebraic operations 
with signed numbers, ordered pairs, functions, and grapl^-ng. For 
the rest the unit 'Us a self.-^taiped package. Therefore, there 
Is considerable flexibility in the matter of where it will. fit in 
.existing courses. Possibly, t^e most convenient plade to insert 
it is after the students have learned graphing and before intr9- ^ 
. ducing syptem^ Of linear equaji^-ons* ■ t 

Scientific backpcroupd t^ the experiment . 'Charles' Law" is a . 
statement of one of the properties of gases, whose ej^planation is- 
covered by the broad kinetic theory. The law states that the 
pressure exerted by a quantity of gas at constant, volume varies 
directly as the absolute, (or Kelvin)^ temperature, or, Iq^mathe- 
matloal terms, P ° kT. i 

The pressure exerte^ by a gas is due to the bombardment by its 
molecules *o.f the walla of ^he containing vessel. An increase in 
the number of impacts of the molecules per unit of time pr in the 
average momentum whJ,ch they 'bring Into each impact will, of oourse, 
tend. to result in an increase iri the pressWe. Both of these fac- 
' tors -depend on th« averag^ velocity of the moleculeft. Obviously, 
thf hl^gher the average velocity of the molecules, the greater w^U 
be the rat^^'of their collisions, with the containing" walls, and,v 
since t;h6 momentwra of a .pejptjiole is ^qwal to the proauot of its.- ' 



mann and velocity, the aver-ai^e momentum a lao inci»o<w,<);; with an 
inci-eaoe An the average velocity. In turn thp avera(-e velocity 
of the moieculeo depends on temperature. An a m^,.tter oV Tact^ the 
bcmpbrature oV a*gai) l:i a mca:;uro oL* tlio avera^.c kinetic enerr^y oT 
ito moleculcij* Since thio kinetic energy of a particle equal:; one- 
half, the product of Its maar, and the ;.:quare of lt:i velocity (E ^ 
1/2 mv ), It lij readily r-cen that rvnlr.lni/; the temperature of/n body 
of c^C conolbts of increauing the avea"a£;e velocity of ItG mc/lecules. 
Hence, It can be ueen .that theoe Inter-r-elatlonuhlpa are auch that 
increasing the temperature of a sample of gay tends to result In an 
Increase In the precsure exerted by the p;as. Furthermore, It can 
be i^wiown by theox^etlcal consideration? v/hlch need not concern ug 
hercJ that the tempex-ature-preGciire relation should be linear, 
l<a indicated by P ^ kT. ' , . * 

The above thcii:itlcal prediction Ic verified by experiment, 
but, Chqi^rles' Law, like all scientific lan^, is ^n . exact expression 
only in ideal case^i. In other words the expression P kT is 
rigidly correct only- in tl^ case of an ideal gas, which for our 
purposesx^ can be thought of as one in which the molecules themselves 
are poinft masses, that is, have zero volume, and dn wMch there 
are no later-molecular t.ttractive forces. This is to say that an 
ideal gas is one . In wh^ch there ai*e no Internal factors which in- 
terfere with^ the behavior of the molecules toward their surround- 

Of ♦course, there is no such thing as an ideal gas/' However, 
throi|Bh some range- of conditionti, practically any gas will behave 
in a Variner v;hlch approaches Ideality. Prom the discusdlon, It 
can be seen that if the interfering factors are kept negligible, or 
nfearly -so, these conditions will be met. In this light, if the 
temperature is 'high enough so that the molecules are moving rapidly, 
the effect of their attractions for each other will be minimized. 
Also, ir the concentration of the gas, that is, the number of mole- 
cules per unit vdlume, is keptvlow, the molecules will be far 
enough apart to again keep their mutual attractions Ibw and their 
volumes will represent only a very 9^11 fraction of the space 
occupied by 'the- body of^ gaia as a , whole. 

, .Under the cotjdltlons* of the d^^^str&tion used in this unit, 
the gas In the^ apparatua la at a high enough temperature range 
and'lpw enough' concentdfeitloTa to behave sufficiently close to 



ideality to meet oui- needs. Therefore, the data which wiJl be coI~ 
iected will yield an approximately straight line. The extrapolation 
to the temperature axis of the corresponding iJne for an Ideii'l gat> 
results in an InterBectlon at -275°C, the absolute zero of tempera- 
ture. This point Is of great Importance' In physical tclence, both 
theoretically and operationally. In connection with Charles' Law 
"it Is the point at whlth the pressure of a gas becomeo zero. Mare - 
fundamentally It is the temperature at which kinetic energy becomes 
zero and molecular motion ceases. 

X 

The line which will result from the experimental data will 
extrapolate to a point on the temperature axis which will be grati- 
fyingly -close to -273®C. Since we are extrapolating from a line 
segment which represents close to ideal behavior, naturally we miss 
the. derivations from ideal linearity which come with, lower tempera- 
tures, and, of course, we also by-pass the sharp breaks which would 
occur if we took th^ gas down to a temperature at which it would 
liquefy and, eventually, solidify. 

If it is desired, the demonstration can be repeated using dif- 
ferent amounts of gas (air will be used) in the constant volume of 
the apparatus. If it is possible to reduce the pre:;sure in the 
apparatus to about 10 Ib/sq in at room temperature and to increase 
it to about 20 Ib/sq in, these would make good starting points, 
along with prevailing atmospheric pressua?e. The mor^ air there is 
in the apparatus*, the greater will be the slope of the graph. If 
all the lines are plotted on the same ^xes, they will show good 
convergence toward -275°C .(or close to it) on, the ^mperature axis. 

This"a,lntroductory material will take on more meaning if it is 
re-read after reading sections 11-1 and 11-2 of the text. In gen- 
eral it would probably be wise to read commentary material both 
before and after reading the sections of the text which that partic- 
ular portion of the commentary aocompanies|. 



Notes on Text Sections 



3.1 The introduction to the unit will probably lead to a discussion 
of t<he terins.underllned In the text, although at lea^t £ome of the 



students will have encountered these terms In science courses* 
There is also an opportunity for the teacher to elaborate on the 
Interrelation of science and mathematics • It can be pointed out 
that the investigation of probldfcs In science has stimulated the 
development of new mathematics, required to enab^^ the investiga- 
tors to subject their findings to theoretical analysis • ..l^**^^ 
example, Newton's Invention of the calculus to help him under- 
stand the nature of motion might be discussed. On the other hand, 
the discovery of new mathematics makes possible and stimulates an 
attack on scientific problems which could not otherwise be ap- 
proached. Much of our modern work on the structure and properties 
of the atom would be impossible without the sophisticated math- 
ematics that hks come into existence in the last century, nor 
would Einstein have been able to develop his "theory of relativ- . 
ity without the work of the geometers of the Nineteenth Century, 
The students might alsq. be interested in Archimedes, who, over 
two thousand years ago,;^ cx)mbined in one man the mathematician,, 
scientist, engineer, and inventor,. 



5*2 . The Charles^ Law apparatus may be made in the school shop. 
The metal bulb Is a float from a toilet water tankv This is 
attached to a piece of copper tubing, which in turn, is attached' 
to a bicycle tire valve assembly. The final attachment is a 
Bourdori tube pressure gatige, .calibrated from 0 to 30 pounds per 
square inch* All connec^tions must be made airtight and the bulb 
must be soldered around Its equatorial seam to make it airtight 
also. The glass front of the gauge should be removed and the 
needle set to read the local atmospheric pressure when the air 
in the bull^ is at that, pressure 

The. Centigrade thermometer. should read from -20^ io 110^. The 
•water vessels can be L500. ml or 2000 ml beakers, although any con- 
^ta^^ners of the appropriate size may be i^ubstitatedt It is conven-^ 
lent to have the water baths set up shortly before the experiment 
la to be done and, therefore^ there; should De at. least six vessels 



available. Depending on what racllltlea are preaent In the class- 
room, a Bunsen burner (and rlngetand) or electric hot plate will 
^30 be uaed. Therefore, at least one water vessel should be a , 
Pyrex beaker or metal can, A complete equipment list is given at 
the end of this chapter, 

At least six pairs of readings of temperatux-e and presaure 

should be ntade, of Which one can be at room conditions. The lowest 
temperature used should be below 0°C and is obtainable by a mixture 
of rock salt, ice and water, ^-^is important that this temperature 
be used because it is desired th^t the students initial graphs 
cross the vertical axis. The highest temperature should be that 
of boiling water. The remaining temperatures should be spread fairly 
regularly between the lowest and highest. Readings should be made 
in order of increasing temperature, so that the students will more 
readily see the relation in terms of an increase in one variable 
resulting in an increase in the other. For this reason, it is not 
advisable to start wit"h boiling water, and then produce successively 
lower temperatures by mixing with portions of cold water, even 
though it is pasier to perform the demonstration in this manner. 
An alternative to using separate vessels, each at a discrete tempera- 
txjire, is to obtain some of tha. higher reading by heating a single 
vessel while the bulb and thermometer remain in it. Readings of 
temperature and pressure oan be made at regular intervals and, in 
addition, the students oan see the continuous and simultaneous in- 
crease in temperature and pressure. This will be of some advantage 
when the concept of continuity Is introduced. The bulb should be 
entirely linmersed In the^lquld. and, in order /o get simultaneous 
readings of the two instruments, it may be necessary to have the 
assj/stanc0 o£ one of the student^. • 



\ 



Temperature readings should be made to the nearetst wliole degree 
and pressure readings to the nearest Tlfth or tenth of a scale div- 
ision. Since each division repine t^ents t^wo pounds, the pressux^e 
readings will be to the nearest Oji or 0.2 pound. Before read^ 
Ing the pressure gauge, tap It with a JUnger to make sure that the 
needle is stabilized In the coi^rect position for that temperature. 
Also check to make sure -that the bulb is entirely immersed in the 
liquid. . ' . . 

f 

3.) Make sure that the students draw the coordinate axes in such 
a way that they make maximum use of the space available on their 
graph paper. The paper should be held with its iong side horizontal 
"and tlie horizontal axis should be drawn about one inch from this 
edge. Their attention should be drawn to the f&ct that only the 
first and second quadrants of the plane are going to be used. The 
vertical scale should run to about one inch from the top edge of 
the paper, and the horizontal scale should start with the -300 
point within an inch from the left edge and run to the +10Q point 
witihin an inch from the rlght/edge. If the students ask why tempera 
*twe la designated by a lower case letter (t) while pressure is 
designated" by an upper case letter (P), they should be told that . 
the ree^son will be brought out later In the text. . ^ / 




5,^ . The concept of continuity will probably be familiar to the 
•.students from previous work in raathematica and/or sciencf^ Hencet, 
this poipt will not require belaborlne at this tirae. ^ 




The students shoulcl get the Idea that measurements are rar 
from infallible. If a study of the general theory of measurement 
has preceded the present work, some of 'the ideas which are relevant 
to this experiment can be reviewed/ The text avoids any discussion 
--of non-iideality .of--the-.gaa._aa__a.. partial cause of .deviation from 
perfect linearity. This factor can be introduced if there has been 
a prior discussion of the material presented earlier in this com- 
mentary under the hewing of scientific background. 



^3.6 Every effort should be made to have available enough trans- 
parent rulers to enable each studerit to have the u^e of one for a 
few minutes during class time. This will be especially Important 
if the plotted points deviate from linearity by more than a very 
slight amount, .for it 'will be the only way that they will be able 
to see how to position the ruler for the "Ijest line." 

It is not appropriate at this ieveV^o discuss-the fact that 
^ th^re .ls no o^e '"best line"' and th.a}J thfe choice depends on the. 

r 

t \ 

" mathematical pijocedure used to determine It. ^Bather, let the 
students use a bit of Intuition and experimentation' with the ruler 
to make a judgment. Point out to them that they are proceeding 
according to the .Ideas of, the last few Sentences of text section 
J>.5> Jihat is> they are taking Into account the fact that there are 
measurement .errors and are not letting these expected errors obscure 
the fundamental rei-latlon that exists between the two variables.., 

Before the students, draw their lines, stress the .fact that , 
•the Unps should .noj extend beyond tfie two extreme points on the 
>v.paper. In .the next- to last sentence of the section, the ^^tateraent 
made Is riot strictly correct, for l€ neglects thf factor, of 



non-ideality of the gas* Howevoi*, It Is unlikely that any ol.-the 
students will pick up this sub^tle point, even ir the nature or real 
gases has been discussed* If the.lssuQ does arise. It Is valid to 
say that the^^fect oV this factor 1^ practically negligible under 
the conditions at which the experiment was performed. 

Answers. tp Exercise 1 . . 

1. y-lntercept 3* 2. y-lntercept 2 3/^* 5. y-lntercept 



3»7. ■ Prom this section on tbere ar^ several mathematical concepts 
presented. ^ Th^ tim^ spent on each section will depend on the dif- 
ficulty of the concepts': and the ability of*. the students* It may be^ 

necessary to reinforce learning with addtt.ional problems. Consider- 

t .... ' 

able discussion .of text material may also be necessary. It is recom- 
mended ,that suf ficlent- time^ be allowed for each section,' so tMt 

the average student wJLli achieve^ reasonable miastery before proceed- 

*• , . ... 

Ing ^to the i)ext aectlori* ^ ^ -i. 

^ ■ ■ ■■ ■ 

. The ptjudents, may recognize and know by name the -process of . 
interpolation which, is described in this section, . The term is not 
mentioned by name, this being reserved fo^ the fuller treatment pre- 
S!ented in a later sectl^pn. The \only interpolations actually made in 

this i&ection anci the exej^cise are;^ from domain tp rapge, the reverse, 

■ / ■ ■ . , * . ' \. ■ 

operation al^^o being postponed to a more appKPppriate place In a . 

J- 

laXi^r section; ^he chief ^purpose of th^.^ section is simply' to estT-^ . 

abllah the ;^^ct tMt the' ^raph ftotual^^y repa?e seats a functional 

. . * ■ v . ' 

.-relation. . ' 'i "■ . .-c ■ ■ 



Answers to Exercise 2 

♦ * ■ • 

1. a, b, c, e, g, h represent functions. The stuUenta may need 
review of the fact that, in order for a functional relation to exist 
each element of the domain must have related to it a unique element 
of the range, but that the reverse relation need not ejcist. 

2. a.''^ -3, -71/2) b. (-2, -6) . (-1/2, -3 
d. (1/2, -2 1/h) e. (1, -11/2) r. (2, 0) 

'• g. (5, ^/2) h. (8, 9) ■ • 

3. B This section piay well be the 'one that will present the most 
difficulties to the students. It is imperative that they leaVn how 
to calculate the value of the slppe of a line, an^ much clas^^room/ 
demonstration and additional practice jiiay be necessary .to achieve ■ 
this .end* «v 

It is suggested that the following i^ethod of finding slope be 
taught in class to supplement the text and that it be followed 
consistently, at least on the outset. In this method the cotmting 
process always starts with the change in x and alwaye ffom left 
to right. Then the change in y. is counted, either up or dowp 
as the case may be. The comparable subtraction process is4=to 
subtract the coordinates of the point on the left from ttie coordi- 
nates of the poinUon the right. If this method is used, and empha- 
sissed to the students, the following points can be mag^: (l) the 
change in x is always positive; (2) if the change 1ft ;y . , 
counted, upward it la a positive quantity^, if downward It is neg3~ 
= tiye—thifeae. designations will a^ree with the results obtained ij; v 
. the subtraction process is employed; (3) the sigh of the . slope 



will always be correct If It agrees with the uign of the change in 

y- 

After the students have been thoroughly drilled in the above 
standard method, alternative counting proceoses (there are three 
others) can , be introduced, if it is so desired, although thin is 
not recommended. However, it might be well to Bhow'them, using 
specific caseo, that the same value of the tslope is obtained by 

the subtraction process wetfier one uses or -~ * 

Xg - x-^ ^ ^1 " ^2 

They should be strongly forewarned against the two common mistakes 
made by students in finding slopes, namely, "scr^bling'' the coor^ 



nates in the subtraction process (that Is, setting, up 
and inv,er ting the fraction in either process (that is, 

setting up 



^1 - 



) 



chanp^e in 
change 1 



n X \ 



It* is suggested that a chalkboard demonstration be employed 
to shov/ hov; a line is uniquely determined by its slope^and one 
polnf^through which it passfe3. This should be followed by several 
demonstrations of drawing a line,. given m and b. 



Answers to Exercise 3 

1. The values ©f the slopes should be » exact, since they ^re obtain 
ed by counting or calculation. The values that the students give 
for the y-intercept in the first two cases are subject to some 
deviation, since they will determine them by reading coordinates 
on graphs. . ' ( . ■ . 





■ m 


b 


a. 


1/2 


2 


b. 






c. 


-6/5 


0 


d. 


undefined 


none 


e. 


0 


k 


f. 


undefined 


none 


£• 


0 


'0 


h. 


0 


■ 4 ; 


1. 


undefined 


.none 



i 



2 and 5. It Is suggested that these problems be done on the board 
by students and discussed --in order to provide further exposure to 
this techniquiB.^ In problem > the attention of the students should 
be drawn to the fact that the point used to help determine a line 
need not be the y-inter-cept . This is merely a very convenient 
point to use. 



3.9 An important, if subtle, fact associated with equation ^(3) 
and the corresponding versjlons derived by the students is that they 
are all inaccurate. Equation (2), derived in general terms, is, 
of course, simply a modification of the slojKi-intjgrcept form of 
the equation of a straight line. The inaccuracy is introduced when ; 

\ the substitutions are made for . m and b in equation (2) In the 

process of deriving equation (3), for it is patently impossible to 
obtain from the graph ^exact coordinates of two points (used to 
\ ■ calculate jn) and the exact valu^ of b. Even if the best line has 
been drawn through two of \he original ordered pairs obtained 'from 
the experiment and t^;iese ordered pairs are used to calculate m, 
the probability of obiainlng the exact Vcjlue of b from the graph 
is extremely low. Hence', if coordinates of any point on. the line 
(these, too, probably will riot be exact') are substituted for t 
and P in equation. (5),'^|ie leX't and right members of the result- 
ing "equation" will not reduce flown to the same number. . The 
amount of deviation will depend upon the accuracy with which all 
the graph readings have been made. This matter of the inaccuracy 
.of the equation is not introduced to the student until the next 
section and its full development is spread out beyond that up to 
Exercise 6. Whenever this ppint is discussed, the students should 
be ^reminded that this condition will exist whenever an equation is 
derived from graphically-obtained data and, hence, is quite general- 
ly true in the case of eq:uations derived to fit. non-ldeali?ed 
physical data. ■ - 

Only one form of equation of a straight line is introduced in 
this section. However, if it is desired to. do so, the othe-r forms 
' " may be Intro'duced as supplementary material^ It will be noted that 
the general form of the equation appears, without being named, in 

\ . • ; ■CBi)e<?iflc .e;^^plea.dn.th 



: :■ -.k 



Answers to tjcerclse 'J % 
1. .The following answers are bayed on the an3wer:> to problem 1 
or Exercise ^. Hence, the slopes are exact, but the y-:lntercepts 
In the first two cases ^ve subject to some deviation In the students 
answers . 



form) 



a^^ 






-1/2JC--+.-2... - - ... . -- 


i-. 




0 ( no 


b. 


y 




-V7x - 6/7 


6. 


y - 


0 


c. 


y 




-6/3x 


li. 


y = 


H 


d. 


X 




-3 (no slope-Intercept 


i. 


X - 


2 (no 


e* 


y 




if form) 






2. a.. 


m 




-3/2; b = 9/2 


d. 


m = 


-3/8; 


b. 


m 




2/5; b = -7/5 




m = 


-3/2; 


c. 


m 




3/4; b - 9/2 




m = 


2/5; 



form) 



3. a and e are parallel (same slopes makes them parallel; dif- 
ferent y-lntercepts makes them distinct lines). 

4. a and c Intersect on the y-axls (same y-lntercept; dif- 
ferent slopes jnakes them distinct lines). ' 

5. ■ b and f are the same line (^ame slope; same y-intercept) . 



3.10 In this section the statement Is made that Interpolation In . 
an equation permits the obtaining of more accurate results than are 
obtainable by interpolation in; a graph. This is entirely true in 
the cao^pf purely mathematical equations, but not always true in 
the case of an equation which is Itself derived from' graphically- 
obtained data. 

li/hen the students extend th-e line representing the temperature- 
pressure function down to, but not beyond, the horizontal 'axis, .the 
slgrilfloanee of -their using only the two upper quadrants can be 
pointed out, for to extend the line into the region representing 
negative, pressures would have rjo physical meani-ng. " '\' ■ . 

In this section, there can be Introduced, if it is so desired, 
a discussion of some o;* all of the material concerning the deviation 
Of a real gas at low temperatures from the ideal straight , line • 
Thlp .wlli give, substance' to thfe statements made In the last two * 



paragx'aph:> of the aection. 

It will be noted that all rerercnces to 1 nterpolatlon and 
extrapolation In thia oectlon are atlll limited to the process of ^ 
going from domain to range. 

Answers to Exercise \y 
_1. ... Student disc us 3 icL^^^ . ^".^A^.^ 

of low pressure. 

2. Lower limit definite; upper llxnlt indefinite. 

The y-intercept, obtained algebraically, is -5/5 • 'i'he stu- 
dents can not be sure of this value if they read their graphs hon- 
estly. This- problem should be used ' emphasize the supei^iority of 
a purely mathematical equation over the graph of the equation, for 
the purpose of interpolation. 

The y-^lr?l^^ obtained algebraically, is 2. Ask the 

students if, even in this simple case, they could be* certain of 
the exact value of the y^interoept from the graph alone. 

The range ie all the real numbers between and 2. 



5.11 ^ Answers to Exercise o 

1. NeJ^ther ordered palrN^s a member of the solution aet. Doth 
points are very close to, but not actually on, the line represented ^ 
by the equation, * " 

2. Student review of much of thespreceding work. At this time, 
there can be a review of .the ideas presented in the commentary 
for section 5.9. • 

• ■ » ■ . \: • ■ 

>.12' This section Introduces '^f or the first time, interpolation 
froi^range to domain and goes on from there to develop the point . 
that there is liothlng sacred about the designation of the horizontal 
axis as the x-ajcls and the vertical axis as the y-axls. The 
horizontal axla- is still- used to represent elemental of the domain , 
and the vertical axis elements of the range, but the domain and 
range themselves are interchanged, as is represented by the? inter- 
change of labels on th^ two axes and by a diffejrent graph. . Tho^ 
•" \ .. ■ At: ' . X 



two oqualiona are, of cource, the invoraes ol* each other* and I'op- 

resent the same Taoto ao the ^j^rapho. It m.U-;ht bo pointed out that 

the equl%c\lent operation can be performed with the parabola In 

Figure 10 as waa pefoimed with the linear Turictlon, olmply by rota- 

o 

tlnp: the entire figure 90 clockwiae. In thiij case the functional 
relation no longer exists* Tlie studenti) can bo led from thio to 
the conclusion tliat only in cases In which 1-1 correspondence 
exists wllrl the functional relation be preserved when the domain 
and range are iiiterchanged* 

The remaining major points in the section are the ones which 
are brought out as the answers to problem 2 of Exercise 7^ 



Answers to Exercise '( 



1. 


X 


y(from equation) 


y 


x(from equation) 




2 


-m 


1 


, -7/2 




h 




• 5 





2, a. No. 

b. Yes; the parabola in Figupe 10 . is an exaihple. 

c. Yes; a horizontal line is an example (y - b)* 

d. Yes; a vertical line is an example (x = a) • 



3.13 If the students have been presented with a considerable 
amount of the information contained in the scientific background 
to the experiment. It can be pointed out to them that the absolute'' 
zero of .temperature has theoretical validity* This Is so because, 
in spite qf the facVthat the full length of "the extrapolated por- 
tion of the line does not represent th^ Situation in a real gas, 
the point of absolute zero was reached by extrapolation frojti a 
segment of the line which approaches quite close to ideality* 
Hence, this temperature has phy epical significance, J[\r it represents 
the zero point of kinetic energy, and is the point at which the 
line v/ould cross the horizontal axis, even if it were obtained 
experimentally, rather than by extrapolation, and even though, tlib 
line would not be straight along its entire length. 

Equation (5) offers the students an ^ opportunity to think 
about domain and range of a phy3ical function. They should be able 




to get the lower liinity au -Zl ^ and 0, reapootlve ly . In la-np''- 
iJig tho\T,F) function, make iiure the r.tudentii ui'.e tho .-.an.- kVtul 
of e;raph( paper a? thf^y did for' the (t,P) fvuiction and that they 
uae the same ocale illmenolons . Point out to them the \xv.o<^\: tho 
(0,0) point as a check on their consistency of Judgment aB to the 
best line. 

If it la 'desired, to pursue ti^anslatlon of axes beyond the 
text material, the comparison of domain and fangG of the (t,P) 
function with the domain and range of the (T,P) function should be 
worked throug^i in detail and related to the two graphs and two 
equations. The students should be. made aware that the translation 
of the vertical axis resulted in a change in the domain -of the 
funution but no change in the range. , Thisr change occurs only in 
tho case of functions in whiqh there are limitations on the domain 
and range. 

v/ 

i 

■ ' ^ ' Answers to Exercise 8 

1. a. R = P + 460 

. b. Student graphs shoul(^ show m = 1 and b <= 1060. -^^ 

c. Student graphs should showV"= 1 and b = 600. 

d. S = F 4- 1060 - 

e. S = R + 600, . 

2. a. F = 9/5C 4- 32 

\ -.b. Only the best students will get this one. .Their answers 
Will be R « 9/5k + or K = 9/5R - 1/5. It should be pointed 

out to' them that the constants .used, 275 and h60» are rounded off 
values, and that, if exact values had been, used, , the equations 
would be R = 9/5k and k = V9R* They will see the logic of this 
if it is pointed out that at absolute ?ero both R and k equal 0 
and that a grapk of the (R,k) function will pass through (0,0). 



3.l4 This section presents a standa-rd treatment of direct varia- 
tion. The only subtle point in the section lies in the definition 
of patio. It will be noted that the definition designates the 
terms bf a ratio as purfe numbers. In true rigor w^o not say • 
th^t we have a ratio of pjcessiire to temperature, but,- rather, a 



ratio of numbers ^xpre»olng measures of thoee two quantities. It 
iVnofc recommended thai 1; he older termlnolo^j^of o rate be Intro- 
duceJl-4io represent a quotient of Ilwo unlike quantities, e.g», 10 
miles/hotir, but, rathex^, thab the 10 be thought ol,' as a pure num- 
ber ex^reosing the value of the quotient of a number representing 
.a distance in miles and a 'number representing a time In hours. 



Answers to Exercise 9 >^ 

1. a. ^1 ^ ^2 ' ' d, 1 =^ kc 

^' ^ ^. - e. c. c 



b. a « kh ^ ^1 ^2 



C ' 



2» 0.394, approximAfcely. The two constants are^the i^eciprocalp 
(or multiplicative inverses) of each other. ^ 

y = 2x 

y =^ l/2x . . . • 

h. y 4 1/2 



5. 1^ =^7.3 



♦ 



6. a. Student graph having m ^ and b = 7. 



c. t =J^8°C 

d. P^.2t3 Ib/sq m 




Equipment List ^ 

■■ '.i ' ■ " ■ . ■ - ' 

jl Charles ' I^w apparatus 

. ^ i thermometer, '^-20°C to 110°C . . 

6 (or more) vessels, at least 1500 ml capaolty; beakers or 

metal cans preferabie ' 

1 electric hoi; plate or 1 Bunsen burner with 1 ringst^nd with. 

large ring '-^ - ' ' .■ 

- i classroom set of transparent plastic rulers \i 




EQUIPMENT LIST 
• Part II 

Chapter '4 

AN EXPERIMENTAL APPROACH TO LINEAR FUNCTIONS 

Students are to work In groups of four. Each group should 
have the following equipment, 

1 . Tj ^ Bending Beam 

Science Supply, ' ^ 
1 meter stick \ 
, 1 hook weight (30 gram) . " • 

1 hook weight (100 gram) 

2 hook weights (200 gram) 

Locgl Supply . * • ■ , 

- 1 15-lnch flat- sided wooden ruler (1^ inch wide, ^ inch 
thick) . . • ; . 

» 

1 5-inclx^"C" clamp - ♦ ^ . 

1 spool, button Othread , • 

■ . :\ ' ■ ■ ■ ■ ■ / 

2. The . Jgalllilg Sphere ,/ 

- * * • ■ ■ ' 

Science Supply . - - 

2 bali bearings, ^ -'inch steel ^ - . 
1. magnet, alnlao horseshoe (l" x |-")" 

•Lpcal Supply 
' ' 1 'bottle, ollv^ /or equivalent) 

( ' syrup, light '4aro" (enough to fill each bottle) 



The Trampoline Experiment 

Local Supply 

1 9- Inch aluminum pi© plate ^ 
6 15-cent balloons*, spherical 
1 '10 'X~24-lnch sheet bristol board 

1 pound of plastolene 

2 glass marbles . ^ 

1 . desk lamp (or^^slJ^e projector) 

2 ^ - Inch nylon bearings 

Chjy^r^s * Law — Teacher Demonstration 

Science. Supply * - 

1 ^tiarle-s^ Lavy apparatus 

2 thermometers, 'Centigrade (-20^ to 110^ 
Local Supply 

1 electrical hot plate^ - * 

2 trays of ice cubes 

52 sheets frosted acetate (si" x 11") 
street per student) 



Chapter h . ^ 

• AN EXPERIMENTAL APPROACH TO LINEAR FUNCTIONS. 

Introduction 

.... purpoHe of- thia section of . the booklet whicli-^our stodentB . will _ 

study for the next few weeks is to teach them some of the fuadamentuL concepts., 
of-^ mathematics regarding linear functions. As^ you knoV^ these .are expressions 
which involve variableQ- to the -first, dagree 7 actually first degree polynomiea^ 

*ln a single variable. • . / 

^ She * need for auch Knowle^dge can be presented to the students^ through ^ 
the prijslcal" Sciences. Aid we tell the students, "The raathematlce will be 
develbped to meet tl^^^^^i^cular needs of a set of experimenteil situations. < 
However, after the mathematics is introduced in this loanner a number of ^ 
Xoglcal extensions of particular mathematical structures will be made, 

Hils approach to mathematics must not .be made, as we have done so often 
in the paat, by telling the student what will take place. Kie student him- 
self must encounter first-hand the experimental situations from which the 
mathematics will arise. Kiat is, he mxist do the experiments himself, measure 
the things yhlch change, record the data in an order Ix fashion, ej-nd examine ^ 
it critically for whatever general relations it shows. 

^ The experiments presented here for your students to do have been designed 
and performed by scientists and mathemi^itl clans, working a3 a team, college 
teachers and high school teachers, who feel that this approach to the study 
of mathematics has real merit in our attempt to t§ach the subject with under- 
standing and Interest* 

You, as teachers, will be given the results of these experiments, the 
data we have collected, but the student should be expected to find his owr^ ^ 
data and make his own analysis of it/ llius the results of each team of 
students as experimenters may be different, but if their work is (^e carefully 
the differences should not be too great. Even though differences exist, the 
rekl need for graphing the data col^Lected, examining the graphs for definite 
relations, functions and egiftitiona should be apparent. 

In this chapter four experiments are used. Etech results in a linear 
function^ but llluatrat^s different aspects of this topio* The first e^x- 

; perlmsnt on The Loaded Beam investigates what happens when a beam (a 15-inch 
flexlbj.e i^uler). la cXancped to a desk at one end and loaded with a series * 



of Inoreaaing masseB at the free end. l^ils given a seriea of ordered palins of 
numbers which are graphed on a coordinate "system, niroiigli diacunsion, the 
student is led to the conclusion that, if otlier masses had beeti used, many 
other ^ordered pairs could have been found 'and graphed within tlie^ interval 
of the experiment. I'hlB leads finally to a %est straight line" which will, 

_jith.ln the. errors of„measvu:.ement^ be a graphical representation between the 

two wriablest load on the end of the beam and the resulting deflection of 
the end o#* the beam. At this point the mathematics of the slope and inter- 
cept of the* line is introduced, followed with a general discussion and practice 
in graphing linear functions and an introduction to relations and ^functions. 
A simllai* procedure will be used in each of the experiments* 

The other experiments on Tlie^ Falling Sphere , Tlie - IVampollne and 
Charleses Law will also deal with linear functions, but will gradually in- 
troduce addict ioncLL ideas on this topic. 

An outline of the topics included in' the various experiments appears* 
below: 

^ l^ft<l^<l Beam • , 

Graphing the Experimental Points ^ 
setting scales 

I ' filling In the line t 
"best straight line" . 
'Exe'rcise . ' 

Slope and Intercepts „ . * 

slope * 
vertical axis intercept 
y*mx+b(t)5=ml+t)) 
' injberpolatlon cuid extrapolation * ' \ 
Graphing;: Linear Equations 

p6sitive and negative slopes 
. (drawing the line fxxjm an equation 
. Relations and Functions. 
■ / domain emd range ; ^ . ^ 

/ "generator" , V 
; . definition of a function 
♦ .geometrical conaitlons of a function 

converae of a relation 



\ 




geometric condition for ttie converge of a relation 'V 
/ -to be a futiciipn 

. * definition of 1-1 l\uiciionu 

B. Ohe Falling Sphere ^ 

* Ihe^Gr£g?h and., the Equation , --..z, 

npw **braid" 
. . * best line 

slope ' 
equation, d = rat ^ 
Exercise j 
The Point-Slope Form / 

elope- intercept fjjrm, y »= rax + b 
through ol-igin, mx 
slope- intercept on x-axis, =i ra(x a) 
* * pOint-slo]^e easily gives these three as special cases 

Physical Units 

standards of mas^, length, time ' 
undefined quantities 
MKS and British systeras 
Nfethematical Approach t6 Units ^ 
form . for elements of set 
multiplication and diylsVon 
y addition 

' unite of various, illustrations 
Exercise - , ^ 
Replacement of Units 
*^ . . . ^ three kinds of replacement 

^tables for MKS and British 
.^-"illustrative problems 
Exercise 

. C# The Tran^line ^ 

: Function of Integers / . 

.ilL ■ • » • 

. no Ijeet linie, not a'^^ttraight line 
'■ ' ■ . * * • *> ' ' ^ \ • 

/ other af unctions of integers only 

.■. Z^: Exercise . • ■ \ • • » - • 

Mathematical T!r8n?)blirv5 tfeSel \ 

vj^^.. . irelation q£ hei^^ of bouin^e to previous bounce 



. oi'dered pairs ^ 
graph of orjfiered pairs C^i^, ^^^^^) 
Blop^ of linfe . 
meaning* of elope 
^ length of bomxce from lope m 
equation aa function of (n, h) 
' ^calculating values of bounce 
^ limit of domain, extenoiou? 
Experimental E)ctensiou^ 

" ch^n^ of conetantn of expex^imont 

uylon to giaoB\ball 
' slope, change of 
Exercise % ' ' 



Charles !b Law 



4 ♦ 



Extending the Tetnpemture Doraa;Lri ^ " ^ n 

definition of extrapolation 

prediction of temperature jTor 6 pressure ^ # ^ 
extend graph to Intersect horizontal axia 
Graphical Trar^slation of Coordinate^ Axes 

shift axes, -not grax)h, linear shift ' /. 

/ new ayes- X, Y 

slope remains same 

horizontal ari(i vertical shifts % 
shift for TCharles^s Law, ^ev tengjerature scale 
. . • both axes shifted - ' 

* acales ♦ " . 

'^A^gebraic 5Jransla of Coordinate Axee 
; .^^iQlgif- elope fonu> to (-c, -d) 

slTlfta h- attd k fjrom 5 - d m(x - c) , / ^ 

; • ■ ■ • . . . . 

Th g Loaded Beam ffi<periment " 

• In performing thie e3qpe;riment -arid all othciB,. you should have the atu- 
dents follow directiona . c^aref MBhw ahould clan?) the ruler onto the desks 
Slrmly ap0, wlth^ the eoiae distance extendlog beyond the desk-eaQ^i time they do 
thje ,9xperlTOe«fcr iJiffereAt BroMpB i^ use different diBtances* The holes 



"bored in the rulers should all be at the same place (l Inch from the end), 

^ 1 

You may have^o do this in the school sliop, g inch holeo are about the 

r:|ght Bize^ Since the thread must support, up to 3OO graino/it ehoidd be 

strong. SiQpll fishing line vi'ould be excellent. If you une oewing .thread, 

Mb. 2k or ^brrtton thread would probably be suTficient* Make a loop from a 
•> * ^* 

* 5.... inch length, -place -it around- the- rul^r-and-draw It down thw^ the — - - 

hole* The weights may be hung directly on the projecting loop* 

All of these things are inqportant because any measui-ement is subject . 
to error and ^e must be carfeful not to introduce others. 

This experiment should be. done by groups of 4 or 5 students. 

The equipment needed is listed below: 

* * • 8 15- inch flexible wooden rulers 

" ' o 3- inch C-clait5)s 

1 iSpool button thread 
" meter sticks * 

8 kits of 'hooked weights, each to -contain 

1 50-gr^, 1 100-gram and 2 200'grara weight 

The following data were collected on four trails for-thiB experiment. 
!Hiese data are listed here on a suggested standard data sheet which we will 
use for all experiments • If possible this should be dittoed for the use 
of your students during this course^ 
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THE LOADED BEAM EXPERJMEUT 





Load ' 


"Trial 1 
Po8i;jtlon. 


Trial 2 
Position 


Trial V 


" Trial k 
Fob it ion 
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G^*ftph^"6 the Experimental Points 

IBiere are a number of Items Included In the graphing of these exper- 
imental points. Ihese axe all discussed In the student^s ttJxt and need not 
-be repeated. However, be sure the students undferstand these. T\\e exercise 

~at the end of the :jmlt will help in sepflng . whether i;he Ideas havt? been 

understood. 

(Jetting the "best straight line" Involves assuming It can be drawn 
where It ought to be.» Often It will not be too hai*d to get a line which will 
satisfy the student • Don't put too much stress on this now. . Tliere will be 
m>re practice and the students should learn quickly. 

The accompanying graph of the data shows the four trials and has a 
'^est line" gashed. In. While this will/ probably not be the same as many of 
the lines obtained by members of the class, it will bo used to solve some 
of the problems for the teacher which ma^ come up in the exercises. 

Answers t© Exercises, Section 2.2 



1. 
2. 



no, no , * 

The graph would not "fill" the paper and hence the divisions on the 
axes would have to be shorter. 



Ttile mokes the graph appear on a*small 
portion qf the page instead of filling 
the page. ' 



k and 5 . 
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)0 



In heating the iron rod, any reasonable length of time may be used. 

6# Have ^udents fiiil this on their graph. From the graph in No. 5 above, 
. . .165^ will correspond approximately to 8^29J. * 9»3 will jporrespond 
approximately to 186^. 

?• Probably due to Inaccuracy of measurements or of graphixig the data. 



,3 ^ 

Sloye otid Jutercepto 

This will pcrhups be the student^B Tirut iulroductlon to the concept 
of olope as a precise concept. Defining the elope ao 

vertical ciiange 
horizontal change ^ ^ 

will, we think, nuike Bense to the student and he will probably be willing 




to accept the statement that the slope of a straiglit line is a constant • 
-The retison, of coui*se, if; that for ^iiy two points th<^ vertical change and 
horizontal. Change ai^e aides of sliuilai* right triangles and ttielr ratios e^e 
equal, 'lb f itld the slope of a particular 
line, the student must choose two specific 
points ^1 the line, find their coordinates 
by measuremeflt or counting squares at this 
•level. Ttieri l)y subtracting the vei'ticol values he will have the vertical change, 
and the horizontal change may also be found by subtraction* If you apply 
this to the ^est straight line" for the Loaded Beam graph above, you may choose 
the points A and B on the line. A is chosen on the load line at 60 
and ^ou C6U1 deter^ilne tliat the vertical distance to the point is about 20«y» 
Hence, the horizontal distance is . 60 and the vertical distance is 
The second ppint B has a horizontal distance of 2Y0 and a vertical distance 
of 2^1^. Tile difference in the vertical distances is 2k - 20.9 = 3*1 and 
the difference in the horizontctl distancee, taken in the same order, is 
.270 - 60. = 210* H^nce the slope is . t . 

vertical distance _ j^l _ q 
horizontal distance 210 

* *!nie reason that this is so small is that the horizontal distance in- 
creases so much more rapidly than the vertical diotance. 

Ttxe y-intercept, as stated in the student 's'^t^ext, is the point where 
the line crosses the y-axis* \ In this section the student will usually read 
this frODi the ^raph and must see that the coordinates X)f the point are 
• (O, b)« lb find the equation of the line, he must be able to see that if 
this point (O, b) is used with an arbitrary point (i, p), which may be 
anywhere on the line, he can write an equality which will be the equation 
of the line in terms of the two Variables £ and p and the two kuown • 
'quantities m • and b* This gives " ' ^ 

" . p » m4 + b# . / . 



On the loaded beam graph the vekLue of b is SO.l.'^i^ence, the eqv^JHtion of "^^^ 
the "beot straight Line" is 

p = 0*01fjjt + 20.1 

Have yoiir etudenta find the equation of their "beot Btral^.ht line." 

_ _ III order to apply thie to an actual case where he knowii the slope is ^. _ 

m =^ ^ , as In the student's text, he Con read from the graph that b 6, 
and know that the coordinates of the y-intercept ai*e • (O, 6)» IMs gives 
the equation 

V : ^ ^ 1 

/ - 0 '4 

To get the :flnal equation which appears iii tlie otudeut'e text, he muet be 
able to '' . ■• 

multiply by i * ^ = i(^) 

add 6 p - 6 + 6 = + 6 

p ^ + 6. < 

If the student has not learned these skills with understanding, then 
you will need to teach them before you can ^o further. You will recognize 
that this involves the use of both the additive inverse and the multiplicative 
Inverse and that the student ^will* have to understand these aspects of the 
real number system before he can go on« , 

Ttie use of "interpolation" here may be confusing to you,- At this point 

it is straight line interpolation and it is first done graphically by *f incjing^ 

the value of y on the graph which corresponds to some value of x» Por 

the scientists these values of the fi ret --^ffl^i able x ijiust always be between 

those for which he has taken e^qperimental data. He must clLso assure himself 

that these values have meaning and that he could have made measurements on 

them if he had wanted to. (iHiis is not always true. See Experiment G of ^ 

this chapter.} For example, he could have placed a load of 5O grams on the 

loaded be'am (ruler) and measured the posit ioja of the end. After the equation 

• * 

Is available, he may let i « 50 and solve for p by a substitution process. 
Ihle l6 faroillar to you as a mathematics teacher. 



You and^your atudeute ahould- realize by now that the relation expreeBed 
in the ordered pairs, by their F.raph, mid by the "beot" I4ne and Ito equation, 
have definite meaning only for the . intervcd of meat>iu:ementij made and^ recorded* 
We suopect that heavier loads covtld bdve been added, but we also know that 
at some point the ruler will break, or a metal beam might bend permanei^t ly . 
--We .kiKJW l^iat. it .UoeB Bat..raaK.t?.,s^^^ add uetative loudo^ ^^^o^ii^' you could 

couti^lve to Introduce a force in a ne^aUve direction, that is, u£ instead 
of dowii. However, there are limi'ts in all cases aiid you never kjiow what data 
bey^ond the actual measurements taken will exhibit the same relation as that 
taken between ^he two vairiables* Hence ,^ S(c lent lets are always cautious about 
going beyond the limits of the data taken. ITiis is cabled extrapolation . 
The procedui-es for predicting valuer of the other vai^iable are the same as 
with interi)olation, but use it cauliouiH^ W)re will be'^said about this An 
other experiments. - . " ^ * 

'^^"v^- ' * • Answers to Exercises,- Section P.3\ * * 

Tlieee problems eijfe\o be Boived by reading the coordinateB of the polnto- 
Qfid intercept B Trom the«**».{4UreB . 

- 1 ' 1 „ i ■ . 

^' ™(p and q) =^ 2 ' "(p and r) " 2 ' ""(q aiid r) " 2 

2. For m = 1; for iy m = 2; Tor i^^, m - 3 - 
intercept b-:0 -.b-o' h 0 

' ' " 1 

3. For m = i For^i>^^m=<^ 

b = 0 

« 

Its elope and intercept. 

5. .y = ix , y T X, y = 2x 

1 1 ^ 3 • ■ 

y = 3x , y = y = ' . 

6.. It was the position on the meter stick from which amount of deflection 
was measured. "No, •• . • ' ' - 

'h,k Graphing Linear Functiona - ^ . ' • ^ 

nils is a mathematical extension of graphing various linear functions. 
We have followed the practice. in mathematics and used x and y and coor- - 
dinates of a point as (x, y) when neeaed, Epintc have been used in various ^ 




orders to find elopee and the idea of a negative slope Is Introduced here for 
the first time. W© have also introduced lin<^8 where the calculated slope is 
O, (horizontal lines), and lines for which the slppc is undefined (vertical 
lines , The otH^ ideas are explained in the text. 

Answers to Exercises, Section 2^h 



1. 



2. 



2. 0, ylope undefined 

3. (a) and (b) 
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/- 














(-3 


















M 












:(3 












































(2, 


























2 - 






1 


2 


3 




































































1 
















-3 - 1 .. 
2 
3^ 



6. (a) y «=|x - 2j (b) y °^xj (c) y = -2x + (d) y «= -7x - 5 



8. Ttie slope would have been negative. 



\ 



„ 2 - 6 



X . (-3) ' - ^rri 



y « -X -1 * y ^ -1 



\ 

V I 



10. (a) y - + 3 (b) y = ^ x,- U (c) y = . 2 



8 1 ' ' 

(d) y =--x + 6 (e) y =--ix + 2 . (f ) y = 3 \ 

1 . 10 



f 



. (e) X = -3 , (h) y = ix + 4^ 

^.5 Relations and Functions 

!Hie laBt section of this chapter is a careful atteii5)t to shou the students 
what Is meant by the concepts of Relation and Function. Since these ideas 
will be used many times in later work in this chapter and In more advanced 
work io both science and mathematics, every effort should be made to see that 
this section is clearly understood. 

nie definition of a function given In the text tells when a given relation 
is a function, but the graphical methods given for telling this may prove 
most useful at this point. The answers to part (d) - (k)"* of the exai^ple 
In Figure 20 are: 

• 

(d) functloh, (e) not a function, (f ) function, 
(g) function,* (h) function, (i) not a function, 
(j) not a function, (k) not a function. ^ * 

Ihis exercise is not hard etnd can be donieJin a few minutes during, claes. 

Discuss carefully the meanixig of the converBe of a relation given in th^ 
p6a*agraph6 following thip exai^ple. After they have solved the problems in 
the exercise, especially number ^, discuss the meaning of i^^rerBe functions. 



AnBwerB for Exeiciooo, Section 2.5 

!• (Solved in text) 

2-. domain (2), range [3,^/j>) relation is In Tunotion 

For converse: domain (3 ^^^5)^ range (2), converse not a function 

3. domain (3,6,7), range (3), relation io a l\uiction 

For converse: domain io (3), range (3^6, 7J/ not a function 

domain (3,^), range {6, -2), not a function 

For converse: domain (6,-2), range (3,^*^),,. not a function 

5. domain {-1,-2,-3), range 1-3,-5^-7), a func-tion 

For converse: domain (-3,-5,-7) range (-1,-2,-3), a function 

* 

Most of the pointB regoi'ding slope, intercept, equation, function, relation 
etc., will be developed further later in this chapter and in the others. 
Hence, while you should not attempt.^at this time to develop these concepts 
completely, do be careful not to over-simplify them and give, the studeiito 
erroneous or incorrect ideas* / 

Answers for Ex.erci6es, Section 2.5 

1. a. (0,30,60,90,-*., 300), (20,20.^,20.8,, ..,2U-6J 
b. Yeo 

J 

2* Yee » 

3. No". They Include all of the values of d from 30 to 3OO, inclusive 
and from 20 to - 2^.6 inclusive. 

4. The domain Is the same, the range varies slightly 

(5. i„*E^!t We could have hung enough mass on the beam to glvejbtttf ^ 
mm • 

desired amount of deflection. 

6» Yes. Since a vertical line will not cut the graph of. I ^^^'m." m 
more than one point, the converse is a function.. 



^♦^ The Falling Sphere Experiment 

Though thlB iB an Investigation of terminal velocity and the meaBia-emente 
made are of tline and dldtance, only after the data has been graphed and aua- 
lyzed and the slope of the ''best straight line", found at the end of B>1 1b 
the Idea of velocity Introduced • 

Ohe "falling sphere" 1b actually a Bmall steel bearing Inch In 

diameter)* It Is used because It reaches Its terminal velocity qulckJ;y in 
Karo syrup and becaude It Is attracted to a small ^nagnet* It can, therefore, 
be brought to the surface and positioned properly for the repealed trlala 
used in this experiment* 

Ibis experiment will be done by the class working in amall groups of 

if to 5 each. The equipment needed for each group la: 

1 

small upright glass cylinder (8 inches by 1^7 inches) 

1\ " 
^_>teel ball bearing, tt inch # 

smaJ-1 magnet 

centimeter ruler (19 cm.) 

metronome from ntuslc department - 
Karo syrup (white) 
10 paper strips, 1 X 10 Inches 
cellophane tape 

Data for the table of values (these are also ordered pairs of numbers) 
is found by measuring the marked tape and by finding time after the sphere 
has fallen 0 aeconda, 2 seconds, k second^, etc. The table of values 
found for this experiment la given in the table on the next page. ; 

^ ■ • . 





THE FALLIKG SPHERE EXPERIMENT 
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Graphing thtf data and the drawing of the %eht otraight line" rollowe 
the same prqcedure as in the Loaded Beam experiment. A difference is that 
the origin, whose coordinates are (O, O), is a point on all the graphs. 

When the line hae beeu drawn by .each student, he can find its slope by 
finding the coordinates of one point ^t^, d^) on the line, since he already 
has the^ point (O, O). The coordinates of the point (t^, d^) must be found 
by measurement or by counting on the student's, gtaph. The slope m which 
the student finds will be a number, ilsualXy a fractipn* It will be a constant 
for his graph, but will differ from his classmates 

Tb find the equation of the line we use again the same procedure as in 
the Loaded Beam experiment. That is, we select an arbitrary point on the line 
With coordinates (t, d). ^y 6ilso using the point (0, 0) the equation 
cornea out easily as 

d = mt 

where m is the student's constant slope. The eqxiation of the best line 
on the graph here is: 

Only after this point in the analysis of the data of the experiment is 
the velocity mentioned. Mie discovery that the plope of the line repi^esents . 
the teiminal velocity of the falling ball bearing should enphasize .a meaning 
of the slope not often encountered in the mathematics classroom. As indicated 
in the stvyifnt's text, this will be discussed more. fully in Section B^3 
on Physical ynits . • ♦ . ^ . 

Special Note ; Have each student save both KIs data sheet and^his graph for^ ; 
-all experimejnta done. * These will be necessary to solve exercises in this ^ ^ 
cl^pter and in later chapters • (You may want to take them yxp effd store them. ) 



\ 
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Exercise 



The purpose of, tlie first two probleraB in this exercise is to give ^ternate 
ways to\lnd the best straight line from the data already collected. 

1. 1 





Bie slopes ore Ihe same because slope is defined by 

Vertical distance 



^ Horizonta]^i6tance\ 
Hence the.-0lope of in both cases is 



1' k 



- 1*> 



5, Problem 5 introduces for the first time rfeigative ^coordinates, 'JUxVs ' 
may not be cleeLr to thef students, but let them think about, it for a while.. 
Actu€illy distances were measured in a downward dior^ction. By using fit 

pulley arrangement in the Loaded BejBun experiment, the beajji could hav4i been ^ . 
pulled upwards, which is oppo^i1>e to the action in the experiment. .You might 
want to suggest ^ihis variation to the experiment to some of your better students. 



llie graph of this^ problem appears belqjjt. 



/^able for No. 5, 
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'llie slope m 



.3.6. 



IJje velocity Is itj §l downward direction. 
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hJi ^Oxe Point - Slope Form 

lliiti Bection 1b a mathemat.ical development or the various .fontw tor tJie 
equation of a otralght ilne cuiniinating with the point-elope foi-nu A bjrief 
development showB how the opcclal Vonwa can be quickly derived rix)m the point 
-aiaiic..£QXia*. exumple7..1Li:..oiie ol^ -the poi-nte is (O, O), -then 

y - d ~ m(x - c) 

becomes ^ d - m(x - o) ' 

or y. ^.mx, * "^^-'^ 

the line which passes through the ori^liu - . ■ 

ExerciseB for 2.8 > ' 

^ , ^ V . 

1 and 2. In those problems the students will* have to calculate tlTfe'^slope 
first using the coordinatea^of the two pis^lnt© read from the graph, T\\e^ by 
the use of tlila, slope and ouef of the glvcjn points together with an arbitrary 
point (x, y) the equation may be written in the point-slope form or in one 
of the special forms when It applies to tlie particular line* For exan?)le, 
for line the glv^ri points R and S hav<^ the-coordiijiates (i, 2) 

and (12. ?)• Hence the slope is 



Using the point . (3^ 2) with m = | , the poJ^lv^op'e form gives. 



1 



Using (12, 7) 



X - 3 9 
9y - 18 = 5x - 15 
5x - 9y = -3 



y - 7 3 
X - 12 9 



or • 5x c 9y = -3 •. : , ■ 

3. yhe reason for this problem is to show that the intercept may be found 
from th^ equation and, that we do not have to depend on reading these from 
the graph. ^^^^ grapti has ecaleB instead of axes, it is not. pobeible to 

read the Intercepts on the graph. lUe procedure, of course, is to substitute 



0 ^ Tor X 111 liiv. ecjuation and oolvc Tor • lUvn subr.l. Itutr 0 l\>i* y 

unci f.olve Vov Kor the equatlonMo y x » , lUv i nl.ei'cepl 

ir. (::Y.o, O) and the y-na<y-cei)l In (O, -^^y^^* ^ 

'llic iitudeul might have to meauiux^ the cooj*d Inalou tor Ihv point (»cLcctod. 
Tlili] may be done by counting tiquajivc IL* the lino cx^oaoeu at an i nteruecl ion. 

y - -Jx - ni ^ 3, y- intercept munber lU 

y - ♦ .m -2, y - Intercept oiumber U 

y ^ ^x ~ 12, m ^ , y-futercept number -12 



y -Ux -r- 12*'}, m y-intercej^t number -12.'^ 

t 



Fh^ysical Units 



I'lils Buggeetion ol Intro due itif>, phyBlcai units in the mathemtrtics c3.aso- 
room is against rec(mt trends in tftc teaching of ma1^hematlcs» Klementary 
arithmetic and algSWra have been developed, by the use of the real nnmber* 
sjrtilem with the basic operations of addition and Bubtraetion, It is true that 
the other syo terns and other operations a?fe' tnti'oduced brletMy, but this has 
been done so that the real number syytem will be understood • 

There is good reason for \^friting open sentences and equationo in terms 
of the real .numbers,* l^he properties of this system ai*e clear and concise 
and not- too diff-icult for children to understand and use. Ihls enables ** 
us to be sure ^hat our results ai'e i;easonable and mathematically Bound. 
Recent writers of mathematlcB text books for the. schools, have kept tlie real 
jiumber system and its properties closely in mind 'and have succeeded well in 
confbrmlng to pattern* Wlien they have needed phyuical units in the 

comparatively few problemt; which have been used to illustrate open sentences 
and equations, .it tias been suggested that ch4.1dren think of the number of 
such units rather thetn the units themselves. Wiien the solution of such an 
equation has l)een found, then the student is expected to recall th^Jvarious ' 
units involved with these numbers and assign a single or a compound unit to 
the answers The ajiswer to the problem is then such units as 30 pounds per 
square inch, * 5O feet per second, and so forth. ^ * 

Tliio is not considered adequttte for the physical sciences. Hence, 
traditionally, mathematicians and scientists l)p.ve ^solved probleias difrerently* 
.The scientists have considered the*"u8e of units necessaa*y for a proper 
understanding of the physical situations wlilch can be stated in mathematical 
form. The mathematicians hav^^ not considered this a serious problem and lience 
students have been confused. *At least at the elementary level, no siuq^le 



uel, ol" btiule prliicJpliT. of dol lnluf, a f.yf.tcm of unH.i; '»u<l l.lu- opi-nit, bniu 
needed Vcrv them hao hwn avuUabli- t.o tlie r.tudi.nU and Uat h.-i!.;. 

Yet till- !H)lutlon of thli; l.eacliiuc pruhli-iii l:; f.lmplc. It. i:-. por.c.i b h- to 
dofuic ph.v«lcui LuiittJ <fii a r.et of f.lvmriit:; wit.l. tl.ii.-i.- (or five) uiulef.ine.l 
terms!. * Under an operatl'bM of "mul.tipl leal ion," i; ir.nUMtHi b.y the (-.yml-ol (g), 
aijd not, unltke mnll. ipl leation with real numbers, thin f.^-rn:^ an abel ian (f<'>'p. 
*tf»iL:j Ji; described moie carefully below. 

'i . 1 0 A M ath(;mu tltiaL Ap|)rou'ch to UnltB and i nmensl onu. ■ " 

It Will now be ubown that ail phyoleal meaom-emcntu in a liinj-i*" t;y«tem 
of uiiit;; are the elements of a fVingle Bet which fonuc a tl£ou£, under a (-.iven 
operation of multiplication, 'lliis set not only includeo the utandardo for 
lenpth, maoB and time, but all the physical* quantities that axe derivable 
from theoe three undefined quantitieo. A few of the derived quantities arc 
force, velocity, acceleration, deiiBlty, momentum and enerfj'- llie set could ^ 
be expanded to include, the etandardfe of tempei-ature and <?iec trie ^charge, 
but thlB will not be done in the treatment that roilowu. 

PhyGical. quantitieo exi)reoKed in the metei--kilo(irtijn- second (MKti) eyeijtm 
of units are the elenjents o* one group, while the- British system of vuriits 

I 

constitutes yet another f.roup. 

Aithouith mny of the mathematical details of the following development 
will not concern the student directly, it is yioui5l»t best to present the 
notion of physical quantities as members of a group' in a rather fomal wa^^ : 

Let the elements of a set U be 

£ r t 

vher« n it> a real number ^ 0, 
• • ^> ^> ^> ^ integers. 

The symbols L, M and T refer. to the standards of length, mass ~ and time. 

In the MKS system pf uxitts, % - «eter, ^ M ~ iaioftc<»ra and. T - second. .-In . 

the British nyotem of uuito, L ~ foot, M ~ slug, and V ~ socond., ^Using 

tills notation, a length such as 'jJi meters wouUl be written '),k L M T . 

An acceleration such as 0.62^ would be written 0.6L^mS"^. Also, a 
\' see'" 

i 1 —i^ 

■force (F = ma) of 12 newtons would be written J,2 L M T"'^. The real ' . 
numbers m-e also elements of the set; IiPiPt^- Lb 1, 5.3 L M T =5.3, 



^ Kg ^ 
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Let a binary operation t^f "mul t. i p 1 U:ut Imi," t \ mix » i I /.ft) b\ "Cs 
be derincd ui; (V^lh^w:.: 

I 1 l>_* IM:* r ^ 

Clearly, the operation exhibits, c lo;;»ax' and ;y icUi;* a un 1 qiu^ pi-cltlus-t. 

Tiic set iK a ['.roup U ("uaitti" ('rou}0 with r(-*J>pcct to the mul t j pi Icut Ion 
operation Indicated above beci^ir.o tlie lollowinr. pioi»crt icri^ aro iJutlj^l idd* 

(i) If a, b, c are* any clcmentG oV U, then 

(a (2) b) 0 o a (b 0 c) (anr.ui latlve law) 

(ii) Tliere exists an element e or . U r>ucii that 
e®a^a(^^c=^a 
lor every element a ol U» (exljstence or an identity) 

Wc have e - 1 L^mV\ 
(iii) For cv^ry element a ol U;^ tiiere exists an element x ol U 
^"Qai^.li thai,- ' 

, »* ' a ® X - X (§) a = o (existence of InverscG) 

. . We have, for a = nL*^' T " ' 

' I p £ i - 

I'^urther, for every a and b in U 
^ a ® h .b (2) (coimnutat 1 ve property) 

U Is therefore an abelian (^^loup, \ * 

One final prope^y of physical quantities ic required. It i-s contained 
in the. TollowiiiJIt definition: 

Definition t For any two elemente £u the group 

prt £2li / \ ^ L 1. 

nL^ M T^^ © n'L^ (nUnjL^ MM^^ 

llie above definition serves to define the operation "0" which can 
be applied if and only if the valuet> of ^ t ^ ^^^^ ^ ^^^'^ "^^^^ ^^^^ ^^.-^ ^oth 
elements. Notice that in the special caoe where a n* - 0, the t^xnn is not 
an elemenb of the Ei*oup- Otherwiee, the opcratloii ©" giveo closure, and . 
in all caa^s yields. a unique "eunu" . 



llu^orcnu ir b, c nvv ul c.-m<:iil.t; uT U, then 

n 0 (b O ^0 ® l>) © ('^ ® ^0 ((iititrlbuLIvt; law) 

Hero llio operation (icTliicd by l\\v i* I ni L ?o!i • Au a ooiuseciueiice 

the "O" ()i)C!*ut ion Ind Icated on the j-l^'Jit abt)vc \i:> ju*opor whenever "the 

hnvt: the .snine unito, the unitu oV a @ b will bt: the iJarue au thoue of 
a (g) 

The matheniat icaJ. ba^lt; ior the tj*eatment or phyojcai propertioc ic im- 
per taut In the rotiowin^ way a: / 

!• . 'Ihe detitiition of the elementG of the* t'^roup focuses attention upon a 

, r:lnKie oyjitem of unite • 

* 

2. Tlie operation "(2)*' ie one which always yieldo another element oi' the 
same ^»ro\^p• If, for exoiiiple, MKG - uiiitb are strictly adhered to, all 
new quantities eneountered mui5t be MKG quantities* ' ^ 

3, The operation " " is the one actually performed in science when 

~2 -2 
"hybrid" units such as ft. lb,, meter sec and slug ft. sec are 

obtained. 

r 

U. The opertitlon • " (i) " allows one to add feet to feet, kg to kg, and nevrton 
meter to newi^on meter, Ttiis operation perirdts one to obtain 0, a 
situatioxi orten encountered in physical situations, but O is not an 
element of the group and "® " has no mathematij^al or physical meaning 
for it. • 

5. Division In physical situations can be considered in the same manner as 

in mathematics.. Division is multiplication by an inverse.' Tliat is^ 

-2 " 1 - 
mOter sec is the .same as ^ sec. 

meter 

6. Tlie distributive law is not really necessai*y for the analysis of physical 
situations. In all cases the addition operation could be performed 
prior to the one of* multiplication. 

7» Conversion of units mo^ be performed without considering millimeters 
as an i9lem.ent In the MKS group, nor ounces in the British group* 
"Millimeters and "ounces" may be taken as different names for elements 
tHat are in these groups^ identity is then expressed as ram. ^ ^^'ter, 
cm « r^jr meter and km. ^ lOOO meter. A conversion tabic of this form is , 
used sirn)ly to rep l ace mm, cm and km whenever th^y are encountered, 
by its equivalent --an element in the ^roup } To get Qu ,t of 1^ group, one 



woaLd require IdentleH In the tom ICXX) iiun -= 1 meter ^ ICX) cm = 1 meter 
twid A;^ iun - 1 meter. Notice that no algebraic ^nanipulationo are 
required In either procedui*e. 
Tlilu topic will fanost certainly appeal^ Btran^e to the mathenuitics student. 
He may even think that it is not sound mathematically. However, it Is sound 
and perhaps you cmi eonvlnce -him of thi* by presenting to hl&, or having him 
recall, certain systeiQ^j which use only a subset of the real numbers, like the 
whole numbers, the even numbers, numbers modulo li^, or "clock" numbers • Also 
other definitions of addition or multiplication can be used as effectively 
as the ordinary ones. ^ 
B 

Answers for Exeraises, Section 2.10 

Kft , , meter . , Kg meter i 
!• 12 kg meter; 13 — ^ ; 15 meters; 10 ; lh{ -^^^ ; '^.^ sec 



sec 



2 ^ • 2 
sec sec 



2. 5 ; 1,8 meter Kg; no ans^; 7.6 ^^^^ ; no answer 

sec Kg 

3. Tixe unit of C is Kg; the unit of d is meter; tlie unit of m is ^ 



Kg 



4. Ohe unit of C is sec; the unit of d is inch, the unit of m is 



inch 
sec 



I 



meter ** 
5. 1*16 unit of slope is m ^^^^^ or m, a real nurabter. 

* sl^ 

6., The unit of x is ; the unit of ^^ -is sl» 

^♦11 Replacement of Units ^ 

Bie purpose of this section is to teach the student how to replace vinits 
written with various units within the MKS system into the standard units of 
meter, kilogram and second. Tills is done by the use of tables. A similar 
table Is included for the British system* Hence you will want your students 
to change millimeters into metere and kilometers into meters, etc. The answers 
to the problems of Bxercise B*4 are: 

1. 86 mu = 0.086 meter; 1700 m; I.5 Kg. O.OOTi -—- ; S600 



0.0000067 g^i 



sec * Kg 



z: 88^ • 7= «^ 2 ; 9,38 ^ ; 0.0015 ^ , 0.0067 ^ I 



sec 



^ cm 



1/; nieter^ 0,C>)22 K^, no anywer (caiiH add) 
-^'^ 80C ' 129 Bee 



U.i2 Hie Traj^ollne tlxperl merit 

aiiie experiment deaU with data which is not lineai- in chai^acter, but which 
C^an be can be analyyed by the use of derived data which is linear- ITiiB will 
present problems to both the student and the teacher. However, the explanation 
given here with that in the student's text book ahoaQd be sufficient. 

Tills exi)eriment will be perfonned by the teacher as a class demonstz^atioiu 
You will need to use student help to do the experiment* Tlie equipment needed 
will be: 

1 9'inch aluminum pie plate 

6 15 -cent bailoone, spherical " 
1 10 X 2U-inch sheet bristol board 
1 pound of plastolene 
2^ glass marbles 
• 1 desk lamp (or slide .projector) 
^2 - inch nylon bearings 

^|13 Functions of Integers ' . . * 

Tlie results of this experiment, when graphed on coordinate paper in ^ 
Figure 3 indicate clearly that the points do not lie in*^ straight line ♦ 
nWhile this is a perfectly good graph and has an equation, the ordered pairs 
for the graph are single points and the use ot the equation, if tUe students 
cotjad find It, is beyond this present level of mathematical knowledge. . . 

Certalnlv it is not a linear function as the chapter heading indicates. 
Ohe data obtained for this experiment "and the graph of the data is Included 
In Figure 1 and Fifeure 2. - 



THE TRAMPOLINE 

Boimce Average 
number (h) ■ height 



n 


trial X 


trial 2 trial 3 


trial h 


h 


0 


•sn 1 


(obtained from 


ehadow ) 




• 50. 1 


1 




1 1 J— 


hk.k 


UU. 3 




p 




; 38.2 


38.2 






D 




"31.8 


31.8 


31*0 


31.8 






-26.8 


27.0 






5 


23.8 


23.7 


23.9 


23.6 


23.8 


6 


21.3 


21.1 


21.0 


21.0 


21.1 


7 


19.2. 


19.3 


19.5 


20.3 


19.6 


•8 


17.3 


16.8 . 


17.3. 


16.9 


17.1 


9 


15.1 




lU.O 




15.1 


10 


13.8 


11.2 


13.7 


\ 13.8 


13.1 



^inch nylon bearing (diajn* lA cm) » I 

light source » U meter diBteint , 
■ ■ ♦ • 

• ■ Figure 1 
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Corrected 




. Calculated 


height 




heights 


\ 


n+i 


h , 
n+1 






3/ • ^ 




J 






P7 7 


P<^ ^ * 




P^ 0 




p'^ n 


"1 0 7 


21 6 




17 0 


18, 6 


17.0 


15.5 


16.0 


15.5 


13.0 


13.8 


13.0 


11.0 


11.9 


11.0 


^■).o . 


10.1 


9.0 







obtained 

by ■ . NYLON 

subtracting ' ■ - BALL 

U . 1 cm 




AneverB for Kxeyciseo after i-.J.i 

1. No. .'Hie bcnuice height ooou^g once, and oucc only, for each Integral 
number 0,1, 2, 3 etc* Tliea-e io not such thing ao a bounce number J-^ . 

2. \eB. Each number n (O^ 1, i?, 3, etc*) giveu a unique correoponding 

height h* * " " * " " " " ~ 

Yes, l^>r greater than 10, but the height .wilJ. be harder to measure. 
As n increases, the bounce heights become more difficuJ.t to raeasui^e. 
l?\ui.hermore the ^bounces soon 6 topi 

h. Data for thie could be best collected fi-om local newspapers. Almanacs 
and cWendars include general Information for some time ^ones 'and these 
times are not usually true locally* Such times for special localities 
are usually given in T*V# weather broadcasts. ^ 

h.lh Mathematical avam^ollne ttodel 

Hence at this point we look more closely at the data and try to find ^ 
j3ome representation which does yield a straight line graph. Fortunately in 
this case we succeed quickly, but in later attempts it will not be as easy 
or as successful. 

We suspect that there is a relation between the height to which the ball 
bounces and the heigAt to which it bounced thg time before . With the data 
already collected we are able to make a table of values for each height and 
the succeeding bounce, which is actually the next bounce. The table, which 
l6 written in the student's text as the brdiered pairs 

, . (V V . . 

• ■ ■ ■ 

. ■ • • *• ■ 

• * 

etc. ' ^ 
has'^the following ordered pairs from the data presented earlier from the ex- 
per^-ment done by the writing team# (See Figui'e 1*) 

If these ordered pairs are arranged in a table we can consider the first 
elements, as being represented by h^ and the secotid by / h^^^^ or^d the table 
would, appear again as in Figure 1. ^ * \ 



•Hiese were uiicd in plollinr the- p«;i]itr. I'c^l^Uic i raph in K'W'.uriA, ;^ wl* t)ic 

I 

student'8 iext^ Whicn the^ ut>o Ihelr own data thlr. mxy hu L;l i/'ht.ly dilTcrcnt. 
In ti\Ls case It 1g aloo poaoible to fill in the jjointu on the Line 1\y 

vtti^ir^iaUe-iieigUt. Xi*um..wiai:h.J-hu biJiJ^ IV.s; '^}U.jin- mU-t be ubtuincd 

by meaGiU'in(/ dletanceo Tor the coordirvatei: oT two pointt; on tlie liiuf. For 
exaiqj^e, when ^ jO, ^^^+1^^ ^^^'^ and'^when h^^ - PO, h^^^j l'^.',;, hv^ru-e 

the slope Is; 



m 



and the equation of the line it; 



h . - 0.B6 h 
n+i* n 



If the equation is written in the form 




nU 



in}. 



then 



m 



n-H 



nUs will enable us to determine all. of the bounce hei/dito i-ri termt;. of the 
bounce nuxnber and the height of the previous bounce--or more simply, in terms 
of the number n and the original height from which th'b ball was dropf»ed. 
Tlie data table in C.I could have been wi'itten in the form 



n 


h ^ 


0 




• 1 


m(m*^0) 


2 
3 


. m^50 
in -50 


• 


• 

• 


* 

n * 


• 

. m 50 



p 



The result of this ia the "equation given in the student's tej^t 

n+L 



h m 



h 



Sin<ie m is constant fas shown .by the straight line graph. Figure ih) fo 
a. given tran?)61ine system, a nylon ball, kind of ballopn, etc., the variables 
are n ajad • and the equation ip one with a variable in tjie exponent. It 



Is certainly noi LLiienu- aiui is reBlriotfed to a particular domiln, but wo have 
been able %o find the equation by the use of our Knowledp.e of \ii\eur functiono. 

This development and use of the linear function will certairfly be Btran^^e 
ta .the.. secomlar^ mathuinatlcti ti:acbe^ .llie..procedure iii. not .fayiLj .to moat .. 
mathematics students, even at the college level, though applied mathematicians 
and 0cienti«t6 have found it A^ery -useful ♦ Howevej*, there seemo to be no reason 
why secondary students should Tiot be able to understand what has been done 
and ^r^cognize its usefulness^ Tlie procedure will be used again in succeeding 
chapters wj.th vax*ylng degrees of success • It is considered that this Knowledge 
will be extremely useful to students as they go into science coui^ses at 
higl^er levels. 

KKpe^'lmental Kxtension 

Tliis section is self-explanatory and will give ^he students the idea 
thut the results of a scientific dxperimeut cliange when the conditions under 
which data is collected vai*y* 

' Exercises 
\ — — - — 

1. Tills refers to the student's countei-part of Figujt-e 3U iii the text. 
The domain h^^ will be approximately < 1^^^ < 5^0 '^"^ ^^^^ range 



h 



n+1 



•5 < h < 40* (Tlie students' me^isuremeuta* may vary Gonsiderably. ) 
— n+l * 



The domain and range of the mathematical equation representing this data 
cannot safely be extended too far Crom th^ experimental data. 



For 



h ^ 10 
o 



For 



h ^-50 
o 



n 


h 




• . n 
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3. Fbr ;itt = 0.3 
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THE T 1^ A. M 0 L I N E 



Bounce 
number 

n 



Height In cm 



Ti^ial 1 , 



V 


• 






hi. 3 ^ 


hi. 3 












3ia 



'I'rlal 3 



Average 
height 
h 



Corrected 
height 



•3Y.0 
.30.6 



50.2 

37.2 
32. U 
30.8 



s Calculations no-V*carried farther 

. "because — r yields the squai-e ' 



of the slope ra obtained with nylong ba^-l 



■DATA DISPLAYED • ON (n,h) "PLOT— 



fiourS;^ h 
-* — >»-^ — * — 
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J+6.1 
J+I.3 
37.2 

33-1 
28.3 
26. 7 



Q L A 6 S 
MARBLE 



V 



^♦•10 i:^arler>* Law Kxperimont. 



Tiati cxperlmc>it will deal with tlu- change in preiiiniro of an ouclotjcd 
•p.ae (or<ilnary nir) vo^^the tom})craUire. However, .we lAmW bo 
"Interested In "this experiment *l)ecauee there lo some physical meuinnr to tt»e 
exteneion of the doniain (the temperature) U*.von(i the experlmentul^ data collected 
aud tVie accompany int/. mathematical concepts- or (^rai^lilcal and algebraic trant;- 
latipn ofMiho coordinate axes. 

Becau-se^f the expense of the equipmetit and the 1 act tliat hot water is 
used, this eicperlment will be done hy the teacher as a* class demonstratioiu 
'You will need, to have a few students assict you in tlie experiment, llie 
equipn\t?nt needed is: , 
' A Charles Law apparatu:? 
Cexitigrade thernbmeter 
Ve:jsei for water 

> 

* ^ A source of hot water- 

Ice , . . 

Heater to rai^e water to iOO (^er.rees C (o])tional) 
Rin/i- stand to- hold apparatus (optional) 
Data for the table of values (temi)erature, pressure) wiU.be read hy the 
expei^imenters tuid should be copied on the chalkboard* arid by each stud.ent in 
the class* The table of va.lues found in tliis expejime^rh is 'given on the 
following page. ^ - j 



■4 



CHARLES' LAW 



Temp. 
(°C) 



Pi'eeuvire 



18.6 





17v6 




17 P 


*• 


16-u 




1^0 
15 .6 




r:>.o 




lit. 6 


2i.O 




10. > 


' 13.8 







tapued gently 
before* each * 
rending, r 

ERJC • - - 



boil J tig water 



ice mixtui'e 
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VaxcU u4.U(lent will then fy-aph Ihlu dat.a on a ooord i nat.c uytU.<-m nr-inr. Mu; 
appropriate uoiaeu, llo Bhouid then be abf.e to draw hii) botd. t)ti-aLr.lit 
aa hut) been done in the oilier experimcntc, 

The uLudeuta .tiliauld alao be able. tg. write the equation ol* the line 

quickly by the use of tlie point-slo}>e rorm or perliapu Yy the uiope- intercept 
form ir you were able to reduce the tei»ptiratui*e to. 0 de^reeu C in the e\- 
})eriment* 

» For the data given above, the grapli appearo on tlie ioiiowing paK.e, 



• A beot £aralr>ht Line i6AJrawii I tr. r>lopc \i> l\>uiul by llu? \xi-v ^l* t.lu* 

poltitti M and N to be , 

i^ ^ ii o--^ • -r* ^-^-^ 

ir (C, P) repreoents any arbitral^ point on the I Lnc, w(»jaay u:>c the 
point >1 (JtO, ■ to write the equation of the line 

P - =.^0.0^ (C - ^»0) 

P =\0.(>>C - 2h/5 

No exerciiJC 1^ p.iven at this point because we aie more inteieuted in the 
possibiiity oi\extenain/:S the ran^e oC tho^ domain and rmi(/e of the JunetioK, 

)ul7 lilKtendin^ the Temperature Domain - • 

Tlxe idea or interi)olation is lA'oiiirtJ^ og^iin here and Boxne probiem:i ^ 
at t-lie end of the oect.lon on this experitue^it as well as on prcceedin{/ ones 
ai-e included, liowever, the idea of extrapolation is emphar;ized more, though 

^ still with some ^, caution. Tliere are appai-ent physjcai limits in the other 
experiments \7hich are more easll;>- reqonnized-. These limits must be considered . 
by the students in solving ttid" exercises. 

Since it makes more sense to extend the domain and hence the (-;raph. o^* 

-Charles's Law to the left, we do so and are able to arrive at a tempcratm-e 
for -^^ro prexj8ui;e which ia* approximately the absolute zero which scientists 
know is slightly lower than -PTj degrees C. Perhaps the students have also 
heard of this "magic" temperatui*<?. , ^ 

Answers^o Exercises "after 2,1? 

1^ No predictions ax^e pclSBf bie ; becaiise tliis valua of Z is not in the doiijain 
of the f unctioft* / .> . . 

^ 3. GfWe are: a stroijgejp l^eaiu^ the same beam tui^ned on its e^lgo, a-" shorter 

' ^ ^ • - ' 

beam. _ . 
k. Woue, -this is not in the domain of the. function. ' : . •* 

5, d - I t^ —i-d -| (120) - 420 • ' \ ' ^ ■ ' . 

6, Some are: .extending the leiigth of the glass vessel/ decreasing thd rclativp 
weight, of the sphere, increasirlg.^the viecoeity^of the liquid. ; • . 



Graphical Trans tat ion oi* Coordinate Axee 



-..jrrjaiialaLiiJi^^. -Uxei;..b^'...Uie uuti ulMhe alicet ol*. IrosLed act: late, .one ol. whicli 

will l)e rarnished for each student, is not difficult and will often \\clp tho^^ 
Ktudent to sim^^lify the equation of the line and tlie orientation of the graph. 
We will also use translation of axes in later experiments which will yaeld 
quadratic functions. Before the acetate sheets are }>assed out the teachei* 
should dr^iw a set of coordiiftite axes in the middle of eacl) sheet. Use a 
heaxry ball-point pei^ Do not write any number or scales on the sheets Students 
will write these with a pencil since they can then be easily erased. 

While It is possible to position the new axes in ajiy manner whatsoever, 
(i.e., they can be translated and rotated) translation horiiiontal ly and 
vertically will be sufficient fol^ our purposes. 

The amount and direction of tr-ai^sla^ion may be purely oi'bitrary but when 
we use this on graplis based, <j(t ^ij|,vi^'ce exi>eriment^s th^ physical situation 



usually suggests a "natural *mo^t ion for the new axes. For example, when 
dealing with Charleses Law it vill be the point at which the pressure is zero. Tlie 
only way the student will te able -^to' a^)pro^i^ite thi-s point will be toYextend 
l^is graj^lr to the left until it crosses the temperature-axis (not '-Included 
in his original graph). ' If this point of tcro pi*essure is. near to " -273 ^ 
degrees on the C-tixis (between -260' degrees C and-. -2(35 dfe^jrees C)* it 
<-will be close enough. 'I'he equation in the new coordinate system will obviously 
be in the form, • , * ' . 



Answers to Exerplses at the end of S.lii 



1. . y =;0.Q15/^ +.,20.1 



•2. Have the meter stick placed, so f^e end of the beEun coincides with . 0 
; on the stick, • ' • 



3. (a) 

I..; (a) 



y 



(b.) 



xi • ■ « 



.(b) ■ .y .^'"- 2 * 



(c) : -y .2 X +2 



/sf- 



(c) 



3 



^0. 



V " 



to (-i^Yi, 0) 

y + 0 - o.c>> (X - i-MO' 

The now uiiiti; of tompcM'ulurt^ aj*e de^MCH^a C, oV prtii^r.ujt; pouiuh; pel- r^q^iart^ 
lach. 'Hie elope t>r the line ie the Btuae, hUuhj thla it; not. ari'tM/Uvd Ijy 
tVaiisiatltui of the axet>» ^-j.^ vi. 











(a) Y ^ i X 






(b) Y - J - ^ (X 






(c) Y --e 1 (X + 2) 






Compare . 






' ^- (a) y44(x- 






(b) Y - Y -i (X 


+ 21) 




, (c) Y - 1 -i (X 


+ 3) 




Compare 
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^* » 1 Algebraic Trannlution oT Coord Inalu Axth 

This section io purely a mathematical dlc^^rusolon or trunolutioii of thr 

axes. -TKhottgh vc did wi-l te thfr equations of the 1 l-n<^ r<:?i>rvuc>ut.lii8 Chaiaeu.Iu 

Law at the end of the preceding para^^raph, tlila cannot always bi» done ao 
easily, <?8pecially when the graph repreaentu cui^ed lines. (LJee. Chapter i.^ 
and 3 on quadra4;ic ^||pctionB. )^ . 

The explaniitlons of the algebraic transition of axes In the student* 6 
text *l6 cl^m- and ncedB no elaboration here. You may feel, however, that 
more drill similar to Exercise 2 will be needed. AIJ you will need to 
provide this drill is to give the clans equations of the soVt 3x - ^ Y 
• ^ and ask them to translate the origin to various points Pike the y Intercept, 
•the point (f), k) or (0. 6), and so on, ^ . • " 

To translate the axes of this equation to the point ('3, h') witc It 
• la the f ox^Jd^ * . ^ 

■ . ' . ^ * 3 Y ' ■ " * ■■ 



y 



o/|(x.(.I,). 

It la now in the point-slope, form aiid you^uay use equation (2) 

Y 4- Jo) V K -.m^X'+'(-^) + h^ 

where h and K tire and k respectively. This becomes 

Y + 0 4 1^ = I fx ^ (--^1 » ^1 

Y ^ h (X + p ^ . ^ ^ 

or • . ^ , ■/ * ' / 

Since the point C5, M.^-i^^on the line .you. would exj)ect to get e^quatloue in 

■ v ' . * ■ ** . ■ ' 

the form. . , ' . * 

*■ 

* ' . ' . . * Y --^ mX . • 

If, on the other, hand, ypu watit to translate to the point (5,-^), it 
' Is done in this mariner 



t^'i- (0) + (-3) ^ 5^ 
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